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<t^ '. 2 Families of double EPW-sextics [l7 



Introduction 

" T— I i 

EPW-sextics are denned as follows. Let V be a 6-dimensional complex vector space. Choose a 
volume- form vol : /\ V — > C and equip /\ V with the symplectic form 

(a,/3) v :=vol(aA/3). (0.0.1) 



Let LG(/\ V) be the symplectic Grassmannian parametrizing Lagrangian subspaces of /\ V - of 

P(V) 



course LG(/\ V) does not depend on the choice of volume-form. Let F C /\ V ®Op(y) be the sub 



vector-bundle with fiber 

3 



F v :={ae f\V | vAa = 0} (0.0.2) 

over [v] E ¥(V). Notice that (,)y is zero on F v and 2dim(i ; ;) = 20 = dimA 3 V; thus F is a 
Lagrangian sub vector-bundle of the trivial symplectic vector-bundle on P(V) with fiber /\ V. 
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Next choose A G LG(A 3 V). Let 



F-^(f\ VjA) <g> O nv) (0.0.3) 

be the composition of the inclusion F C /\ V ® 0p(y) followed by the quotient map. Since 
rki 7 = dim.(Vy.i4) the determinat of Aa makes sense. Let 

Y A :=V(det\ A ). 

A straightforward computation gives that det_F = Of>(y)(— 6) and hence det A a G 21 (0p(y)(6)). 
It follows that if det Aa ^ then 1a is a sextic hypersurface. As is easily checked det Xa ^ for 
A € LG(/\ F) generic - notice that there exist "pathological" ^4's such that A ,4 = e.g. A — F Vo . 
An EPW-sextic (after Eisenbud, Popescu and Walter [6]) is a sextic hypersurface in P 5 which is 
projectively equivalent to Ya for some A G LG-(/\ V). Let Ya be an EPW-sextic: one constructs 
a double cover of Ya as follows. Since A is Lagrangian the symplectic form defines a canonical 
isomorphism ( /\ V/A ) = A v ; thus (10.0.31) defines a map of vector-bundles A ,4 : F — > A v <g> 0p(y) . 
Let i: Ya c -s- P(V) be the inclusion map: since a local generator of det Xa annihilates coker(AA) 
there is a unique sheaf (a on Ya such that we have an exact sequence 

— ► F -A A v ® C P(y) — > i*C4 — > 0. (0.0.4) 

Let 

& := ^(-3). (0.0.5) 

We will equip CV^ © £a with a structure of commutative Oy^-algebra. Choose B G LG(/\ V) 
transversal to A; thus we have a direct-sum decomposition 

3 

/\V = A®B. (0.0.6) 

Then (,)y defines an isomorphism i? = A v . Decomposition (10.0. 6p defines a projection map 
/\ V — V A] thus we get a map Ha,b'- F —y A (g) 0p(y). We claim that there is a commutative 
diagram with exact rows 



(0.0.7) 



In fact the second row is obtained by applying the Hom( ■ , CV(y))-functor to (|0.0.4[) and the equality 
H l A B o Xa = X l A o fiA,B holds because F is a Lagrangian sub-bundle of /\ V <8> Op(y). Lastly /3a 
is defined to be the unique map making the diagram commutative; it exists because the rows are 
exact. Notice that the map (3a is independent of the choice of B as suggested by the notation. Next 
by applying the Hom(i*^A, ■ )-functor to the exact sequence 

— ► O nv) — y O nv) (6) — ► Ya (6) — > (0.0.8) 

we get the exact sequence 

— ► uJ?om(a,0^(6)) A firfli.a.O^)) -^ £xt 1 (t.CA,0r(y)(6)) (0.0.9) 

where n is locally equal to multiplication by det Xa ■ Since the second row of (10.0.71) is exact a 
local generator of det Xa annihilates Ext 1 (i*(^A, Op<v))i thus n = and hence we get a canonical 
isomorphism 

8T 1 : Ext l {uU,0 ¥{V )) -^ i*Hom(( A ,0 YA ((i))- (0.0.10) 

We define to a by setting 

CaxCa ^ Oy A (6) (0.0.11) 

(0-1,0-2) H- (9 _1 o /3a (0-1)) (o- 2 ). 





a.i 


A v <g> P(y) - 

Ma,b 


1^ 


<g> Cp(y) 


A 


F v 


-»■ -Bxi 1 (i»C J 4,Op(y)) 



Let £a be given by (10.0.51) . Tensorizing both sides of (|0.0.1ip by Oy A (— 6) we get a multiplication 
map 

U*U^o Ya . (0.0.12) 

Thus we have defined a multiplication map on Oy A © £a- 

Proposition 0.1. Let A 6 LG(A V) and suppose that Ya ^ P(V). Let notation be as above. 
Then: 

(1) Pa is an isomorphism. 

(2) The multiplication map vtia is associative and commutative and hence it equips Oy A © £,a with 
a structure of commutative ring. 

Proposition 10.11 will be proved in Subsection 11.11 In fact we will give an explicit formula 
for (|0.0.12p (known to experts, see [4]). Granting Proposition lOTTl we let 

X A := Spcc(0 YA © U), Ia-Xa-^ Ya (0.0.13) 

where j 'a is the structure morphism. Then Xa is a double EPW-sextic and j 'a is its structure map. 
The covering involution of Xa is the automorphism <j>a '■ Xa — > Xa corresponding to the involution 
of Oy A © £a with (— l)-eigensheaf equal to £a- Let 

Y A (k) = {[v] e P(V) | dim(A n F v ) = &}, (0.0.14) 

Y A [k] = {[v] G P(V) | dim(vl n F v ) > k}. (0.0.15) 

Thus Y A (0) = (P(V) \ Y A ) and Y A = Y A [l]. Clearly Y A {1) is open in Y A , it is dense in Y A if A is 
generic. 

Claim 0.2. The map f^ (^(1)) — > ^a(I) defined by restriction of /a is a topological covering of 
degree 2 and its non-trivial deck transformation is equal to the restriction of c/>a to f^ (Va(1))- 

Proof. The restriction of £a to Ya(1) is an invertible sheaf. By Item (1) of Proposition lOTTl the 
restriction of itia to Y A (1) defines an isomorphism £4 (g) £ A — Oy A \ the claim follows. D 

Double EPW-sextics come with a natural polarization; we let 

Ox A (n) := fXOy A (n), H A e \0 Xa (1)\. (0.0.16) 

Let 

£:= {A g LG(A 3 V) \ 3W e Gr(3, V) s. t. A 3 W C A}, (0.0.17) 

A:= {AeLG(A 3 V^) I Ya[3]^0}. (0.0.18) 

Then S and A are closed subsets of LG(A V). A straightforward computation, see [TB], gives that 
S is irreducible of codimension 1. A similar computation, see Proposition [3T2l gives that A is 
irreducible of codimension 1 and distinct from E. Let 

3 3 

LG(/\V)°:=LG(/\F)\£\A. (0.0.19) 

Thus LG(A 3 V)° is open dense in LG(A 3 V). In 13, we proved that if A G LG(A 3 V)° then X A is 
a hyperkahler (HK) 4- fold which can be deformed to (K3)^. Moreover we showed that the family 
of polarized HK 4-folds 

{ (Xa , Ha) } aglg(a 3 V)° 
is locally complete. Three other explicit locally complete families of projective HK's of dimension 
greater than 2 are known - see [U [31 [TH] • In all of the examples the HK manifolds are deformations 
of the Hilbert square of a K3: they are distinguished by the value of the Beauville-Bogomolov form 
on the polarization class (it equals 2 in the case of double EPW-sextics and 6, 22 and 38 in the 
other cases). In the present paper we will analyze Xa for AeA, mainly under the hypothesis that 
A $ S. Let Ae (A \ S). We will prove the following results 



(1) Ya[3] is a finite set and it equals Ya(3). If A is generic in (A \ E) then Ya(3) is a singleton. 

(2) One may associate to [v ] G Ya(3) a 7^3 surface Sa(^o) C P 6 of genus 6, well-defined up to 
projectivities. Conversely the generic K?> of genus 6 is projectively equivalent to Sa(vo) for 
some A G (A \ £) and [« ] G Y A (3). 

(3) The singular set of Xa is equal to /^" 1 Ya(3). There is a single^ G Jd mapping to [«j] G Yk(3) 
and the cone of Xa at p^ is isomorphic to the cone over the set of incident couples {x, r) G 
p2 x (p2-jv ^_ e _ p^ P 2)). Thus we have two standard small resolutions of a neighborhood of pi 
in Xa, one with fiber P 2 over pi, the other with fiber (P 2 ) v . Making a choice e of local small 
resolution at each pi we get a resolution X A — > Xa with the following properties: There is 
a birational map X A —■* SA^iy such that the pull-back of a holomorphic symplectic form 
on SA.{vi)™ is a symplectic form on X A . If Sa (vi) contains no lines (true for generic A by 
Item (2)) then there exists a choice of e such that X A is isomorphic to Sa (vi)^- 

(4) Given a sufficiently small open (classical topology) U C (LG(/\ V) \ E) containing A the 
family of double EPW-sextics parametrized by U has a simultaneous resolution of singularities 
(no base change) with fiber X A over A (for an arbitrary choice of e) . 

A remark: if Ya(3) has more than one point we do not expect all the small resolutions to be 
projective (i.e. Kahler). Items (l)-(4) should be compared with known results on cubic 4-folds - 
recall that if Z C P 5 is a smooth cubic hypersurface the variety F(Z) parametrizing lines in Z is a 
HK 4- fold which can be deformed to (KSy 2 ' and moreover the primitive weight-4 Hodge structure 
of Z is isomorphic (after a Tate twist) to the primitive weight-2 Hodge structure of F(Z), see [2J. 
Let D C |Cp5 (3) | be the prime divisor parametrizing singular cubics. Let Z G D be generic: the 
following results are well-known. 

(1') singZ is a finite set. 

(2') Given p G sing Z the set Sz(p) C F(Z) of lines containing p is a K3 surface of genus 4 and 
viceversa the generic such K3 is isomorphic to Sz{p) for some Z and p G singZ. 

(3') F(Z) is birational to S z {p) [2] - 

(4') After a local base-change of order 2 ramified along D the period map extends across Z. 

Thus Items (l')-(2')-(3') are analogous to Items (1), (2) and (3) above, Item (4') is analogous to (4) 
but there is an important difference namely the need for a base-change of order 2. (Actually the 
paper |14| contains results showing that there is a statement valid for cubic hypersurfaces which 
is even closer to our result for double EPW-sextics, the role of E being played by the divisor 
parametrizing cubics containing a plane.) We explain the relevance of Items (l)-(4). Items (3) 
and (4) prove the theorem of ours mentioned above i.e. that if A G LG(/\ V)° then Xa is a 
HK deformation of (i^3)' 2 ^ (the family of polarized double EPW-sextics is locally complete by a 
straightforward parameter count). The proof in this paper is independent of the proof in |13) . 
Beyond giving a new proof of an "old" theorem the above results show that away from £ the period 
map is regular, it lifts (locally) to the relevant classifying space and the value at A € (A \ S) may 
be identified with the period point of the Hilbert square ^(^o)' 2 '- We remark that in [15] we had 
proved that the period map is as well-behaved as possible at the generic A G (A\S), however we did 
not have the exact statement about X A and we had no statement about an arbitrary A G (A \ E). 
The paper is organized as follows. In Section[T]we will give formulae that give the local structure 
of double EPW-sextics - the formulae are known to experts, see [1], we will go through the proofs 
because we could not find a suitable reference. We will also perform the local computations needed 
to prove Item (4) above. In the very short Section [2J we will discuss (local) families of double 
EPW-sextics: we will determine the singular locus of the total space. In Section [3] we will go 
through some standard computations involving A. In Section [4] we will prove Items (1), (4) and 
the statements of Item (3) which do not involve the K3 surface Sa{vq). In Section [5] we will 



prove Item (2) and the remaining statement of Item (3). In Section [6] we will prove some auxiliary 
results on 3-dimensional linear sections of Gr(3, C 5 ). 

Notation and conventions: Throughout the paper V is a 6-dimensional complex vector space. 

Let W be a finite-dimensional complex vector-space. The span of a subset S C W is denoted by 
(S). Let S C f\ q W. The support of S is the smallest subspace U C W such that S C im(/\ 9 U — > 
f\ q W): we denote it by supp(S'), if S = {a} is a singleton we let supp(a) = supp({a}) (thus if 
q = 1 we have supp(a) = (a)). We define the support of a set of symmetric tensors analogously. If 
a e /\ q W or a G Sym W the rank of a is the dimension of supp(a). An element of Sym 2 W y may 
be viewed either as a symmetric map or as a quadratic form: we will denote the former by q, r, . . . 
and the latter by q, r, . . . respectively. 

Let M = (Mij) be a d x d matrix with entries in a commutative ring R. We let M c = (M IJ ) be 
the matrix of cofactors of M, i.e. M 1 ^ is (— l) l+ i times the determinant of the matrix obtained 
from M by deleting its j-th row and z-th column. We recall the following interpretation of M c . 
Suppose that / : A — > B is a linear map between free i?-modules of rank d and that M is the matrix 
associated to / by the choice of bases {a\, . . . , a^} and {bi, . . . , bd} of A and B respectively. Then 
f\ f may be viewed as a map 

d-l d d-l d-1 d 

/\f-- A v ®/\A= /\A— »• f\B = B y ® f\B. (0.0.20) 

(Here A v := Hom(A, R) and similarly for B v .) The matrix associated to /\ ~ /by the choice of 
bases {a^ <g> (oi A . . .A ad), . . . ,c$ (ai A. . . Aa^)} and {6^ ® (6i A. . . Aba), . . . ,6^0 (h A. . .Ab d )} 
is equal to M c . 

Let W be a finite-dimensional complex vector-space. We will adhere to pre-Grothendieck conven- 
tions: P(W) is the set of 1-dimensional vector subspaces of W . Given a non-zero w € W we will 
denote the span of w by [w] rather than (w); this agrees with standard notation. Suppose that 
T C P(M / ). Then (T) C P(W) is the projective span ofT i.e. the intersection of all linear subspaces 
of P(W) containing T. 

Schemes are defined over C, the topology is the Zariski topology unless we state the contrary. Let 
W be finite-dimensional complex vector-space: Op(w)(l) is the line-bundle on P(W) with fiber 
V on the point L £ P(W). Let F € Sym d T^ v : we let V(F) C P(W) be the subscheme defined 
by vanishing of F. If £ ^ X is a vector-bundle we denote by ¥(E) the projective fiber-bundle 
with fiber F(E(x)) over x and we define 0p(iy)(l) accordingly. If F is a subscheme of X we let 
B/yX — >Ibe the blow-up of Y. 

1 Symmetric resolutions and double covers 

We will examine local double covers. The proof of Proposition lOTTI is given at the end of Subsec- 
tion 11.11 Subsection 11.41 contains the local construction needed to construct the simultaneous 
desingularization described in Item (3) of Section \U\ 

1.1 Product formula 

Let R be an integral Noetherian ring. Let N be a finitely generated _R-module of rank zero and 
projective dimension 1 i.e. 

Ext 4 (Ar, R) ^ if and only if i = 1. (1.1.1) 

Let Fitt(N) be the 0-th Fitting ideal of A^; it is locally principal by (jl.l.lj) . Given a homomorphism 

/3: N -)• Ext 1 (N,Fitt(N)) (1.1.2) 



one defines a product mp : A x N — > R/Fitt(N) as follows. Apply the functor Hom(iV, • ) to the 
exact sequence 

— > Fitt(N) — y R — ► R/Fitt(N) — ► 0. (1.1.3) 

Arguing as in the proof of Isomorphism (10.0. 10p we get a coboundary isomorphism 

d : Horn (N, R/Fitt(N)) -^> Ext 1 (N, Fitt(N)) . (1.1.4) 

We let 

N x N ^4 R/FM(N) , . 

(n,n') h4 (5-^(n))(n')- ' 

The goal of this subsection is to give an explicit formula for mp. A local formula will be sufficient. 
Thus we may assume that N has a free resolution 

— ► U-l -\ U -^ N — ► 0. (1.1.6) 

where 

rk U x = rk U = d > 0. (1.1.7) 

Let {ai, . . . , a^} and {b\, . . . , 6^} be bases of Uq and Lq repectively. Let M\ be the matrix associated 
to A by our choice of bases. Then Fitt(N) = (det Ma). We choose the ismorphism 



R -A- Fitt(N) 
a H> a det M\ 



(1.1.8 



From now on we view (3 and m^ as 

/3: N -+ Ext 1 (A,.R), mp:NxN — >R/(detM x ). (1.1.9) 

Applying the Hom( • , i?)-functor to (|1.1.6|l we get the exact sequence 

— ► C/ V A C7^ -A Ext^JV, i?) — ■» 0. (1.1.10) 

Thus we get that (3 on lifts to a homomorphisms /x* : J7o — > t^ - the map is written as a transpose 
in order to conform to (|0.0.7[) . It follows that there exists a : U\ — > Uq such that 

-> Ui -\ U -^ A -> 

1" 1"' J/ (1.1.11) 

->■ £/ v A ETJ' -A Ext 1 (AT, i?) -> 

is a commutative diagram. Let {a^, . . . ,a%} and {6^ , . . . , b^} be the bases of Uq and U^ which 
are dual to the chosen bases of Uq and U\ . Let M^t be the matrix associated to /i* by our choice 
of bases. 

Proposition 1.1. Keeping notation as above we have 

mp(Tr(ai),Tr{aj)) = (M{ ■ M^) Jt mod (det M A ) (1.1.12) 

where MJ is the matrix of co] "actors of M\ . 

Proof. Equation (|1.1.10[) gives an isomorphism 

v. Ext\N,R) 4 U?/\*(U%). (1.1.13) 

Let det([/.) := /\ [q v <g> /\ [To- We will define an isomorphism 

6» : U?/\*(U%) -^> Horn (A, det ([/.)/ (det A)) . (1.1.14) 



First let 



tv _ a d_1 tt ro* A d rrv 9 . A d_1 TT ^ t\ d /TV 



U?= A ^®AX -^ A ^o®A ^i V - Hom([/ ,det(C/.)) 



(1.1.15) 



We claim that 

im(0) = {<f> G Hom(£/ , det(£/.)) | o A(C/i) C (det A)}. (1.1.16) 

In fact by Cramer's formula 

M£ • Ml = Ml ■ M{ = det Af A • 1 (1.1.17) 

and Equation (|1.1.16[) follows. Thus 9 induces a surjective homomorphism 

9: U? — ► Horn (N, det (J7.) /(det A)) . (1.1.18) 

One checks easily that X 1: (Uq) = ker# - use Cramer again. We define 9 to be the homomorphism 
induced by 9] we have proved that it is an isomorphism. We claim that 

dov = d- x , d as in (fTXIj) . (1.1.19) 

In fact let K be the fraction field of R and — > R — > 1° — > I 1 — >• . . . be an injective resolution of 
R with 1° = dct([/.) (g) if and i(l) = det A <g> 1. Then Ext' (N,R) is the cohomology of the double 
complex Hom(L r ,, /*) and of course also of the single complexes Hom(C/., R) and Hom(7V, /*). One 
checks easily that the isomorphism d of (|1.1.4|) is equal to the isomorphism _ff 1 (Hom(iV, /•)) —> 
H l {E.om(U.,I*)) i.e. 

d: Hom(7V,dct(f/.)/(det A)) = Hom(iV, /%(•#)) -^ iJ 1 (Hom(C/.,r)). (1.1.20) 

Let / G Hom(iV, det(I/.)/(det A)); a representative of d(f) in the double complex Hom([/.,/*) is 
given by g ' 1 := f o tt G Hom(C/ ,/ 1 ). Let 0°>° G Horn (C/ , det ([/.)) be a lift of g ' 1 and .g 1 - G 
Hom(t/i, det ([/,)) be defined by g 1,0 := <?°'° o A. One checks that im^ 1 ' ) C (det A) and hence 
there exists g G Hom(£/i,i?) such that g 10 — tog. By construction g represents a class [5] G 
J ff 1 (Hom(C/.,i?)) = U^ l\\U^) and [ 5 ] = vad(f). An explicit computation shows that [g] = _1 (/). 
This proves (|1.1.19[) . Now we prove Equation Ql. 1.120 . By (|1.1.19|l we have 

mfjWai),w(*j)) = (9- 1 / 97r(a i ))( 7 r(a i )) = (^ 7 r(a i ))(7r(a J -)). (1.1.21) 

Unwinding the definition of 9 one gets that the right-hand side of the above equation equals the 
right-hand side of (j 1.1.1 2|l . □ 

Let rng be given by (|1.1.9|l : we define a product on (i?/(dct M\)(BN) as follows. Let (r, n), (r', n') G 
(#/ (det M A )©iV): we set 

(r, n) • (r , n ) := (rr' + mp(n, n), rn + r'n). (1.1.22) 

In general the above product is not associative nor commutative. The following is an example 
in which the product is both associative and commutative. Let U be a free finitely generated 
i?-module, and assume that we have an exact sequence 

— >U V ^U^N — >0 (1.1.23) 

with 7 symmetric. Then we get a commutative diagram (|1.1.11[) by setting 

a = Uu, i/ = Iduv, (1.1.24) 

and letting j3 be the map induced by the above choices. We denote by m 7 the correponding map 
N x N^R/ (det M 7 ). 

Proposition 1.2. Suppose that we have Exact Sequence (1.1.23$ with 7 symmetric. The product 
defined on (R/(det M 7 ) © N) by rrij is associative and commutative. 



Proof. Let d := rk U > 0. Let {ai, . . . , ad} be a basis of U and {a^, . . . , a^} be the dual basis of 
U v . Let M — M 7 i.e. the matrix associated to 7 by our choice of bases. Since 7 is a symmetric 
map M is a symmetric matrix. By (|1.1.12[) we have 

m 7 (7r(a i ),7r(a j )) = M£ mod(detM). (1.1.25) 

Since M is symmetric so is M c and hence we get that m 7 is symmetric. It remains to prove that 
m 7 is associative. For 1 < i < k < d and 1 < h ^ j < d let M £' . be the (d — 2) x (d — 2)-matrix 
obtained by deleting from M rows i,k and columns /i,j. Let Xyk — (Xh k ) € R d be defined by 

(-iy+k+3+h det M j,fc jf ft < j^ 

Vf; fe :=<!0 if h = j. (1.1.26) 

I c 1 ^+fc+.7+h— 1 ^„+. n. z 

A tedious but straightforward computation gives that 



(_l)<+*+j+fc-i detM^ if j < fc. 



M P-a* - M>; = 7 (£ X&X)- (1.1.27) 

ft=i 

The above equation proves associativity of m 7 . D 

Hypothesis 1.3. In Commutative Diagram (|1.1.11[) we have that fi f is an isomorphism and a = /i. 
Proposition 1.4. Assume that Hypothesis 11.31 holds. Set 

7 :=Ao M - 1 , U:=U X . (1.1.28) 

XTien (|1.1.23p is an exact sequence, 7 = 7 and 

m^(7r(fln),7r(oj)) = (M°)ij- mod (det My). (1.1.29) 

where {ai,...,a<j} is the basis of U v — Uq introduced right after Equation (ll.l.Tf) . /« particular 
(R/(det M\) ©TV) equipped with the product given by (|1.1.22l) is a commutative (associative) ring. 

Proof. The first statement is obvious. Equation (|1.1.29p follows from Proposition 11.21 The last 
statement follows from (jl.l.29|l . □ 

Definition 1.5. Suppose that Hypothesis 11.31 holds: the symmetrization of (|l.l.lljl is Exact 
Sequence f|1.1.23[) with 7 given by (|1. 1.281) . 

Proof of Proposition [OH] Let [v ] e P(V). Choose B 6 LG(A 3 V) transversal to F Vo (and to 
A of course). Then [ia.b is an isomorphism in an open neighborhood U of [vq\. It follows that 
/3a is an isomorphism in a neighborhood of [i>o]. This proves Item (1). Let's prove Item (2). 
Let B <E LG(/\ V) and [/ be as above; we may assume that U is affine. Let N := -ff°(?*C4|[/) 
and /3 := H°(f3 A \u). Thus /3: TV -> Ext 1 (N,C [17]). By Commutativity of Diagram (|tHT7|) and 
by Proposition 11.41 we get that the multiplication map m^ is associative and commutative. On 
the other hand 771,3 is the multiplication induced by vha on N; since [vq] is an arbitrary point of 
P(V) it follows that itia is associative and commutative. □ 

1.2 Double covers 

Suppose that we are given /? as in (11.1.21) and assume that Hypothesis 11.31 holds. We let 

Xp :=Spec(-R/(detM A )eAO, Y fj := Spec(i?/(det M A )). (1.2.1) 

Let //3 : vV^j — > 5^8 be the structure map. The covering involution of fp is the automorphism (j)p of 
JV^ which corresponds to the isomorphism of the i?/(det M^-algebra (-R/(detM A ) © N) acting as 

8 



multiplication by (—1) on N. Let Yp[c] be the closed subscheme of Spec R denned by imposing that 
corkAfA > c i.e. 

Y p [c} = f| V(detMl' J ). (1.2.2) 

\I\=\J\=d+l-c 

(I, J, K, H are multi-indices, M> ' , M x ' the corresponding minors of M\.) Thus Yp [1] = Yg. Let 

^(c):=^[c]\^[c+l] (1.2.3) 

Let 7 be the simmetrization of - see Definition 11.51 Then fp : Xp — » Yjj is identified with 
/ 7 : Xy — >• Yj. Thus we may replace throughout Xp by X 7 . We will denote Yp[c] by Ky[c] etc. We 
let <j) 1 be the covering involution of X 7 . We realize Xy as a subscheme of Spec(i?[£i, . . . , £d]) as 
follows. Since the ring (i?/(detM 7 ) ® N) is associative and commutative there is a well-defined 
surjective morphism of i?-algebras 

R[$i, •••,&] — >#/(detMy)©iV (1.2.4) 

mapping £j to Oj. Thus we have an inclusion 

Xy^Spec^Ki,...,^])- (1-2.5) 

Claim 1.6. Referring to Inclusion A 1.2. 5]) the ideal of X^ is generated by the entries of the matrices 

MyC, £.£*-Af 7 c . (1.2.6) 

(We view £ as a column matrix.) Furthermore the map / 7 is induced by the natural projection 
Spec(.R[£i, . . . , £d\) — ► Spec R and the covering involution <f>^ is induced by the automorphism of the 
R-algebra i?[£i, . . . , £<z] which multiplies each £j by (—1). 

Proof. By Equation (|1.1.25[1 the ideal of X 7 is generated by det M 7 and the entries of the matrices 

M 7 .& e^ f -M 7 c . (1.2.7) 

By Cramer's formula det M 7 belongs to the ideal generated by the entries of the first and second 
matrices above. This proves that the ideal of X 7 is as claimed. The statements regarding / 7 and 
(j)-y are obvious. □ 

Suppose that R is a finitely generated C-algebra and that we have (|1.1.23|l with 7 symmetric. 
Let p G Speci? be a closed point: we are interested in the localization of Xy at points in f~ x ijf). 
Let J C U v (p) be a subspace complementary to ker7(p). Let J C C/ v be a free submodule whose 
fiber over p is equal to J. Let K C U v be the submodule orthogonal to J i.e. 

K := {u e U y I y(a)(u) = Va e J} . (1.2.8) 

The localization of K at p is free. Let K :— K(p) be the fiber of K at p; clearly K = ker7(p). 
Localizing at p we have 

C/ p v = K p eJ p . (1.2.9) 

Corresponding to (|1.2.9|) we may write 

1p = 7k ©J. 7J (1.2.10) 

where 7k: K p — > K^ and jj : J p — >• Jp are symmetric maps. Notice that we have an equality of 
germs 

(Y 7 ,p) = (Y 7K ,p). (1.2.11) 

Let k := dim if and d := rk U . Choose bases of K p and J p ; by (|1.2.9[) we get a basis of U v . The 
dual bases of K^ , J p and Up are compatible with respect to the decomposition dual to p. 2. 91) . 
Corresponding to the chosen bases we have embeddings 

X 1K M- Y 1K x C fc , I 7 4F 7 xC d . (1.2.12) 

The decomposition dual to (|1.2.9[) gives an embedding 

j: (Y JK x C fe ) <-> (Y 7 x C d ) . (1.2.13) 



Claim 1.7. Keep notation as above. The composition 

X 1K ^ (Y 7K x C fe ) -A (Y 7 x C d ) (1.2.14) 

defines an isomorphism of germs in the analytic topology 

(*7k,/7») -^ (^7,/ 7 _1 (p)) a- 2 - 15 ) 

which commutes with the maps / 7K and / 7 . 

Proof. This follows from Decomposition (|1.2.10[) and Equation (|1.1.25JI . We pass to the analytic 
topology in order to be able to extract the square root of a regular non-zero function. □ 

Proposition 1.8. Assume that R is a finitely generated C-algebra. Suppose that Hypothesis [TT3l 

holds. Then the following hold: 

(1) fa Yp(l) — y Yp(l) is a topological covering of degree 2. 

(2) Let p G (Yp \ Yp(l)) be a closed point. The fiber f7 (p) consists of a single point q. If j3 is 
the isomorphism associated to a symmetric map 7 fitting into Exact Sequence (|1.1.23[l then 
£i{q) — for i = 1, . . . , d where £$ are the coordinates on X 7 associated to Embedding (|1.2.5[) . 

Proof. (1): By Proposition 11.41 we may assume that f3 is the map associated to a symmetric 
7 fitting into Exact Sequence (|1.1.23[) . Localizing at p G Yp(l) and applying Claim 11.71 we get 
Item (1). (2): Since corkM 7 (p) > 2 we have M^(p) = and thus Item (2) follows from Claim 
fT6l □ 

1.3 Local models of double covers 

In the present subsection we assume that R is a finitely generated C-algebra. Let W be a finite- 
dimensional complex vector-space. We will suppose that we have an exact sequence 

— >R®W V -^R®W — >N — >0, 7 = 7*. (1.3.1) 

Thus we have a double cover / 7 : X 1 — > Y 1 . Let p e Y 1 be a closed point. We will examine X 1 
in a neighborhood of fZ 1 (p) when the corank of 7(2?) is small. We may view 7 as a regular map 
Spec R — > Sym 2 W; thus it makes sense to consider the differential 

dy(p) : T p Spec R -> Sym 2 W. (1.3.2) 

Let K(p) := ker7(p) C W v ; we will consider the linear map 

T p Speci? S ^H ] Sym 2 K( P y (1 3 3) 



T 



i-> d<y(p)(T)\ K ( p ) 



Let d := dimW; choosing a basis of W we realize X 7 as a subscheme of Speci? x <C d with ideal 
given by Claim ITT61 Since cork7(p) > 2 Proposition [TT8l gives that f~ l {p) consists of a single 
point q - in fact the ^-coordinates of q are all zero. Throughout this subsection we let 

/ 7 " 1 (P) = W- (1-3.4) 

Claim 1.9. Keep notation as above. Suppose that d = dimW = 2 and that 7(3?) = 0. Then I(X^) 
is generated by the entries of £ • £* — AC. 

Proof. Claim [TT6] together with a straightforward computation. □ 
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Example 1.10. Let R = C[x, y,z], W = C 2 . Suppose that the matrix associated to 7 is 



^=u y (L3 - 5 » 



Then / 7 : A" 7 — > K 7 is identified with 



C 2 — ► y(a;z - y 2 ) 

(6,6) -> (6 2 , -66,6 2 ) 

i.e. the quotient map for the action of (—1) on C . 

Proposition 1.11. _ftTeep notation as above. Suppose that the following hold: 

(a) cork j(p) = 2, 

ffe) £/ie localization R p is regular. 
Then X y is smooth at q if and only if <5 7 (j>) is surjective. 
Proof. Applying Claim [T77I we get that we may assume that d — 2. Let 

/ a b 



(1.3.6) 



M -<={b c) ^ 

By Claim 11.91 the ideal of X 1 in Spec R x C 2 is generated by the entries of £ ■ £* — M 7 i.e. 

7(X 7 ) = (£ 2 - c, $16 + b, e 2 - a) . (1.3.8) 

Thus 

cod(T g X 7 ,T g (Specii x C 2 )) = dhn{da(p) , db(p) , dc(p)) . (1.3.9) 

On the other hand cod g (X 7 , Spec R x C 2 ) = 3 and hence we get that X 1 is smooth at q if and only 
if 5j(p) is surjective. □ 

Claim 1.12. Keep notation and hypotheses as above. Suppose that cork7(p) > 3. Then X 7 is 
singular at q. 

Proof. Let I be the ideal of X 1 in SpecR[£i, ...,£<*]. By Claim 11.61 we get that I is non-trivial 
but the differential at q of an arbitrary g £ I is zero. □ 

Next we will discuss in greater detail those X 1 whose corank at f~ 1 (p) is equal to 3. First we 
will identify the "universal" example (the universal example for corank 2 is Example II. 10j) . Let V 
be a 3-dimensional complex vector space. We view Sym 2 V as an affine (6-dimensional) space and 
we let R :— C[Sym 2 V] be its ring of regular functions. We identify R ®c V and R <8>c V v with the 
space of V- valued, respectively V v -valued, regular maps on Sym 2 V. Let 

i?® c V v Ai?®cV (1.3.10) 

be the map induced on the spaces of global sections by the tautological map of vector-bundles 
Spec R x V v — > Spec R x V. The map 7 is symmetric. Let N be the cokernel of 7: thus 

— ^® c V VJ 4i?8 c V — >N — >0 (1.3.11) 

is an exact sequence. Since 7 is symmetric it defines a double cover /: X(V) — > Y(V) where 

Y{V) := {a £ Sym 2 V | rk a < 3} (1.3.12) 

is the variety of degenerate quadratic forms. We let 

0: X(V) -> X(V) (1.3.13) 
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be the covering involution of /. One describes explicitly X(V) as follows. Let 

(V <g> V)i := {^ G (V (g> V) | rk n < 1}. (1.3.14) 

Thus (V <8> V)i is the cone over the Segre variety P(V) X P(V). We have a finite degree-2 map 

( v ^ -^ Y{ y\ (1.3.15) 

Proposition 1.13. Keep notation as above. There exists a commutative diagram 

(1.3.16) 

(V <8> V)i ^ X(V) 



Y(V) 

where t is an isomorphism. Let (f> be Involution (|1.3.13[) : then 

4>o T (iJ r ) = T(n t ), V/*e(V®V)i. (1.3.17) 

Proof. In order to define r we will give a coordinate-free version of Inclusion (|1.2.5[) in the case of 
X(V). Let 

Sym 2 V x (V v ® A 3 V) A (V ® A 3 V) x (V v g> V v ® A 3 V ® A 3 V) (i 3 18) 

A few words of explanation. In the definition of the first component of \l/(a,£) we view £ as 
belonging to Hom(A V v , V v ), in the definition of the second component of \&(a, £) we view £ as 
belonging to Hom(V <E> f\ V V ,C). Moreover we make the obvious choice of isomorhpism C = C v . 
Secondly 

222 33 3 

f\ a e Hom(/\ V v , /\ V) = Hom(V ® f\ V v , V v <g> /\ V) = V v ® V v <g> /\ V <g> V . (1.3.19) 

Choosing a basis of V we get an embedding X(V) C Sym 2 V x C 3 , see (|1.2.5[) . Claim [1.61 gives 
equality of pairs 

3 
(Sym 2 Vx(V v ®/\ V), * _1 (0)) = (Sym 2 V x C 3 , X(V)) , (1.3.20) 

where \I /_1 (0) is the scheme-theoretic fiber of 1 i. Now notice that we have an isomorphism 

V®V -^ Sym 2 V x (V v ® A 3 V) (1.3.21) 

e H» (e + e*,e-e*) 

Let r := T|(v®v)i : thus we have an embedding 

3 

r: (V(g>V)i -^Sym 2 Vx (V V ®/\V). (1.3.22) 

We will show that we have equality of schemes 

im(r) = y-\0)(=X(V)). (1.3.23) 

First let 



V©V -A (V®V)i 

(rj,(3) h^ rf o/3. 



(1.3.24) 
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Notice that p is the quotient map for the C x -action on V ® V defined by t(r],j3) := (trj, t 1 f3). We 
have 

tott= (77*0/? + ft 077,77 A ft). (1.3.25) 

Let's prove that 

* _1 (0) DirmV). (1.3.26) 

Notice that G1(V) acts on (V <E) V)i with a unique dense orbit namely {77* o j3 \ r\ A (3 ^ 0}. An easy 
computation shows that r(v7* o /3) e \1/ _1 (0) for a conveniently chosen 77* o (3 in the dense orbit of 
(V®V)i; it follows that (jl.3.261) holds. On the other hand T defines an isomorphism of pairs 

3 
(V ® V, (V ® V)i) S* (Sym 2 V v x (V v ® /\ V), im(r)) . (1.3.27) 

Since the ideal of (V <g> V)i in V ® V is generated by 9 linearly independent quadrics we get that 
the ideal of im(r) in Sym 2 V v x (V v <8> /\ V) is generated by 9 linearly independent quadrics. The 
ideal of ^~ 1 (0) in Sym 2 V x (V v <g> f\ V) is likewise generated by 9 linearly independent quadrics 
- see (|1.3.18p . Since ^ r_1 (0) D im(r) we get that the ideals of \1/ _1 (0) and of im(r) are the same 
and hence (|1.3.23[) holds. This proves that r is an isomorphism between (V (g) V)i and X(V). 
Diagram (11.3. 16[) is commutative by construction. Equation (|1.3.17|> is equivalent to the equality 

<KTop(p, v ))=Top(r],0)). (1.3.28) 

The above equality holds because (3 A 7; = — 77 A (3. D 

The following result is an immediate consequence of Proposition 11.131 

Corollary 1.14. singX(V) = r(0) = / _1 (0). 

Let 

it: X(V)->X(V) (1.3.29) 

be the blow-up of r(0) and 4>: X(V) — > X(V) be the involution lifting </>. The claim below follows 
immediatly from Proposition 11.131 

Claim 1.15. Keep notation as above. Then 

(1) ^(V) is smooth, 

(2) the exceptional set Eofnis canonically isomorphic to P(V) x P(V) - in particular it has pure 
codimension 1, 

(3) the normal bundle N E ^ty) is isomorphic to 0p(y)(~ 1) E3 Cp(v)( — 1)> 

(^j </i acts on the exceptional set of it (i.e. P(V) x P(V)J by exchanging the factors. 

By Item (3) of the above claim X(V) has two small resolutions X ± (V): they are obtained by 
contracting E along the two projections E — > P(V). The small resolutions may be constructed 
explicitly as follows. Let X+(V) C P(V) x (V <g> V)i be defined by 

X + {V) :={([f3],ao/3) \ [(3} £ P(V), aeV}. (1.3.30) 

(Here and in what follows we view a, f3 € V as elements of Hom(C, V) and of Hom(V v , C) respec- 
tively.) The map 

X+(V) -> P(V) 

is a C 3 -fibration and hence X + (V) is smooth. One defines similarly X~(V) C P(V) x (V ® V)i as 

X~{V) := {([a],a o /3) | [a] G P(V), (3 e V}. (1.3.32) 
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Let 7T+ : X+(V) -► X(V) be defined by 



X+(V) 

[/3],ao/3) 



i— ► r(a o /3) 



(1.3.33) 



Define 7r_ : X _ (V) — ^ -^(V) similarly. Then ir± is a small resolution of X(V); the exceptional set 
Ex(ir±) is isomorphic to P(V). We claim that X + (V), X~(V) are obtained by contracting X(V). 
In fact by Proposition 11.131 we may identify X(V) with the blow-up of (V <g> V)i at the origin. 
Thus we have a natural embedding X(V) C P(V) X P(V) x (V ® V)i and a C-fibration 

X(V) D {([/3},[a],tao/3)\t(=C} (1.3.34) 



P(V)xP(V) 3 ([13], [a]) 

In fact this is the fibration that realizes X(V) as the total space of the line-bundle 0p(v)( — 1) ^ 
C P(V) (-1) over P(V) X P(V). It follows that we have obvious forgetful maps p± : X(V) -¥ X ± (V). 
As is easily checked p+, p_ are the maps contracting E along the two projections E — > P(V). Thus 
we get a commutative diagram 



X(V) 



(1.3.35) 



X+(V) 





x-{v) 



X(V) 

Next we notice that the rational map 

Tr^OTTi: X ± {V) — » X*(V) 

is identified with the flop of Ex(n ± ) = P(V) (i.e. the blow-up of Ex(n ± ) followed by contraction of 
P(V) 2 along the second projection). On the other hand let <f>± be the rational involution of X ± (V) 
induced by the involution <j> of X(V), explicitly 



(1.3.36) 



X+(V) -2±> X+(V) 
Wlao/3) ^ ([a*],/?' "') 



(1.3.37) 



and similarly for (f>_. Then <j)± is identified with the flop of Ex^n^) = P(V) as well. It follows 
that the composition ir~ o ir± o <j>± (a priori a rational map) is an isomorphism X (V) — X^(V); 
explicitly 

* + (V) "-> X-(V) (L3 . 38) 

([/?], a o/?) ^ ([£*], 0*oa«) 

and 7r7 o 7r_ o <\>_ is the inverse of the above map. 



1.4 Desingularization of certain double covers 



Suppose that we are given (3 as in (|1.1.2[) and that Hypothesis 11.31 holds. We will analyze 
fp : Xp —> Yp in a neighborhood of fa l {p) where p E 5^(3). Let 7 be the symmetrization of (3 - 
sec Definition ll.5l Then fp : Xp — > Yp is identified with / 7 : X 7 — >• Y 1 . We will replace throughout 
Xp by Xy. Suppose that p £ Ky(3). We may express / 7 as the pull-back of /: X(V) — > Y(V) via 
a suitable map Yy — > Y(V). In fact it suffices to apply the reduction procedure of Subsection 
[TT2l Let K be as in Subsection [TT2l by (J1.2.11J) we have (Y lK ,p) = (Y 7 ,p) and by Claim [TT7l we 
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have a natural isomorphism (X 7K , fZ^(p)) — > (AT 7 , f^ l {p)) commuting with / 7K and / 7 . Shrinking 
Spec i? if necessary we may assume that K is a trivial i?-module; thus K = V ® R where V is a 
complex vector-space and dimV = 3. Hence we may view 7k as a map 7k: Speci? — > Sym V v . 
Notice that we have equality of schemes Y~ 7 — 7^ Y(V); thus the restriction of 7k to Y~ 7 defines a 
map fi: Yy —> Y(V). The following claim is immediate. 

Claim 1.16. Keep notation and hypotheses as above. There exists a map v. X 7 — > X(V) such that 
the following diagram commutes 

X 7 — U -^X(V) (1.4.1) 



fi 



f 



Y,^^Y(V) 
Furthermore the above diagram identifies A" 7 with the fibered product Y" 7 Xyiy) X(V). 

Our next task is to give an explicit desingularization of X y under suitable hypotheses. Let 

W 1 := (f-%{3}) n V(&, ...,&)• (1-4.2) 

A few words of explanation. First Y 7 [c] is given by (jl.2.2[) . secondly in defining W 7 we we are refering 
to Embedding (|1.2.5[) - with {£1,.. . ,£d} a basis of W. Notice that / 7 defines an isomorphism of 

schemes 

W 7 ^> r 7 [3] . (1.4.3) 

Let 

■k 1 :X 1 -^X 1 (1-4.4) 

be the blow-up of W 1 and / 7 := / 7 o 7r 7 . 
Assumption 1.17. Notation and hypotheses as above. 

(a) i? is a regular finitely generated C-algebra. 

(b) cork7(p) < 3 for all p £ Speci?. 

(c) The map <5 7 (p) defined by (|1 .3.3f) is surjective for all closed p £ Speci?. 
Proposition 1.18. Keep notation as above. Suppose that Assumption [T7l7l holds. Then 

(1) Yy[3] is smooth of dimension equal to (dimi? — 6). 

(2) Let p £ 1^,(3) be a closed point. Let r := (dim p AT 7 — 5). There exists an isomorphism 
between the analytic germ (X 7 , f~ 1 {p)) and the product (C, 0) x (A(V), / _1 (0)) such that the 
composition 

{X- n f-\p)) ^ (C\0) x (X(V)J-\0)) -► (X^f-Ho)) (1-4-5) 

is the germ of the map v of (|1.4.ip . 

(S) X 7 is smooth. 

(4) Let p £ Y-y(3) be a closed point and K(p) :— kei"f(p). There is a canonical isomorphism of 
schemes f- l (p) = P(K(p) v ) x F(K(p) v ). 

Proof. Item (1) follows at once from the hypotheses and the well-known description of the normal 
space to the locus of quadratic forms of corank at least r at a quadratic form of corank r. Item (2) 
follows from Claim [1.161 Items (3) and (4) follow from Item (2) above together with Items (1) 
and (2) of Claim [UT5] □ 
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Let E 1 C X 1 be the exceptional set of 7r 7 . By Proposition 11.181 the restriction of / 7 to E 1 



defines a fibration 



-»£L 



(1.4.6) 



r 7 [3] 

with fiber ¥(K(p) w ) x P(K(p) v ) over p G Ky[3]. The following claim follows at once from Item (4) 
of Proposition [T7l8l 

Claim 1.19. Keep notation as above. Let p G Ky[3]. The restriction of the normal bundle N 
to the fiber over p of (|1 .4.6[) is isomorphic to 



Cp(if( P ) v )(-l) E3 C P (K(p)v)(-l). 



C/-y /-A-y 



(1.4.7) 



Now assume that Fibration (|1.4.6[) is trivial - this may always be achieved by shrinking Spec R 
around a given point p £ Yy(3). A trivialization of (|1.4.6p determines two distinct P 2 -fibrations 



E~ 



(1.4.8 



where * is itself a P 2 -fibration over Y 1 [3] . (The set of such structures of P 2 -fibration on E 1 has 
cardinality 2 s where s is the number of connected components of Ky(3).) By Claim 11.191 we can 



blow down X~ ( along the chosen fibration P -fibration e: let 



'7,e 



X ~ 



XL be the contraction 



map. The complex space XL, (there is no guarantee that it is quasi-projective) will be smooth. 
Every such structure e of P 2 -fibration on E 1 has a "complementary" P 2 -fibration e c determined by 
choosing the "other" P 2 -fibration on every connected component of E 1 . We have a commutative 
diagram 

(1.4.9) 




Proposition 1.20. Keep notation and assumptions as above. Then the following hold: 



(1) singXy = W J7 

(2) TT-y,g) 7T 7 ,e and 7T 7i£ c 



are resolutions of X^, 



(3) TT lt<L and 7r 7!£ c are semi-small resolutions of X l7 

(4) the rational involution <fi e : XL, — » XL, induced by the involution </> 7 of X^ is the flop of the 
P 2 -fibration [FJlfy , 

(5) the rational map 7r~ c o 7r 7j£ : X'L --■> X'L is the flop of the ¥ 2 -fibration {1.4-8^ , 

(6) the (a priori rational) map ir~ e c o 7T 7j£ o <f> t is actually an isomorphism 

tt-J. O 7T 7 , e o ^ : X* -^> X* . (1.4.10) 

Proof. Let q G X 1 and p := V. By definition of X 7 we have 1 < cork j(p) < 3. If cork ^(p) = 1 
then Yy is smooth at p because by hypothesis the differential <5 7 (p) is surjective: thus X^ is smooth 
at q by Proposition 11.81 If cork ^(p) = 2 then X 7 is smooth at q by Proposition 11.111 This 
proves that singX 7 c W 7 . On the other hand if q G W 1 then X 7 is singular at q by Item (2) 
of Proposition [T7l8l and by Corollary 11.141 This finishes the proof of Item (1) of Proposition 
11.201 The other Items follow from the corresponding statements for X(V), X ± (V) etc. together 
with Item (2) of Proposition [TTT81 □ 
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2 Families of double EPW-sextics 

Let 

3 

N(V) := {A e LG(/\ V) \ Y A = P(V)}. (2.0.1) 

Notice that N(F) is closed. Let y be the tautological family of EPW-sextics i.e. 

3 

y := {(A, [«]) € (LG(/\ V) \ N(T/)) x P(V) | dim(A n F«) > 0} . (2.0.2) 



Of course 3^ has a description as a determinantal variety and hence a natural scheme structure. Let 
U C (LG(A 3 10 \ 
and a finite map 



U C (LG(A 3 V) \ N(V)) be open and y M :=^n(Wx P(V)). Suppose that there exist a scheme X u 



fu-Xu^yu (2.0.3) 

such that for every A £ U the induced map / _1 Ya — > Ya is identified with Ja ■ Xa — > Ya' then 
we say that a tautological family of double EPW-sextics parametrized by IA exists - often we simply 
state that (|2.0.3p exists. Composing fu with the natural map y-u — > U we get a map 

pu:Xu^U (2.0.4) 

such that p u l {A) = X A . Given B 6 hG(/\ 3 V) we let 

3 

U B :={AehG(/\V)\A&\B}\N(V). (2.0.5) 

Proposition 2.1. Let B £ LG(/\ V). A tautological family of double EPW-sextics parametrized 
by Ub exists. 

Proof. Let ijj B ■ yu B ^ Ub x P(V) be inclusion and let A be the tautological rank-10 vector- 
bundle on LG(/\ V) (the fiber of A over A is A itself). Going through the argument that produced 
Commutative Diagram (10.0.71) we get that there exists a commutative diagram 

Xu„ 

iu B ,*(u B ~> 

Pu B 

Ext (iu B ,*(u B ,Ou B xP(v)) ->■ 

(2.0.6) 
Let £u B := Cu B ® /0*Cp(y)(— 3) where p: Ub X P(V) — > P(V) is projection. Proceeding as in the 
definition of the multiplication on CV A ©£a we get that /3u B defines a multiplication on Oy u (B£,u B ■ 
By Proposition 11.41 we get that Oy u © £u B is an associative commutative ring. Let X\j B := 
Spec(Oy v © £u B ) an< i fu B '■ Xu B ~ * yu B be the structure map. □ 

Of course LG(/\ V) \ N(V) is covered by open sets as above and hence locally around any 
A <G LG(/\ V) \N(V) we do have a tautological family of double EPW-sextics. We leave the proof 
of the following result to the reader. 

Claim 2.2. Let U C (LG(A 3 V) \ N(V)) be open and suppose that f u : X u -> 31/ exisfe. TTien 
Pw : Xu ~~ * M * s fl a t over M- 

Let W C (LG(A 3 V) \N(V)) be open and such that f u : X u -» yu exists. We will determine the 
singular locus of Xu ■ Let 

[A, H) e (LG(/ 
y(d) := {(A,[v})e(hG(/\ 3 V)\N{V))xF{V)\dim(AnF v ) = d}. (2.0.8) 






— » 


o^ B 






M v ta) 







-> 


(•A|t/ S ) 


H Cp(v) 


^4 


Oc/ B 


X1F V 



y[d] := {(A,[v})e(hG(/\ 3 V)\N(V))xP(V)\dim(Ar\F v )>d}, (2.0.7) 



Then ^[d] has a natural structure of closed subscheme of LG(A V) x P(V) given by its local 
description as a symmetric determinantal variety - see Subsection 2.2 of |16| . Let U € (LG(A V)\ 

17 



N(V)) be open. We let y u [d] := y[d\ n y u and similarly for y u (d). Suppose that f u : X u -> yu is 
denned; we let 

Wu := tfyfi]- (2-0.9) 

Notice that the restriction of fu to Wu defines an isomorphism Wu -^ yu [3] - see (|1.4.3[) . We will 
prove the following result. 

Proposition 2.3. Let U C (LG(/\ V) \ N(V)) be open and suppose that fu'- Xu — > yu exists. 
Then singA^ = Wu- 

Let (A, [v]) e y. Choose B e LG(A 3 V) such that B itl A and B rti F„. Let AA C P(V) be an 
open neighborhood of [i>] such that B rh F^ for all w G A/". The restriction to Ub of the tautological 
rank-10 vector-bundle A on LG(/\ V) is trivial and the restriction to A/" of F is likewise trivial. 
Moreover the restriction of [i\j B to Ub x A/" is an isomorphism. Let 

7 : = A[/ B |[/ B xA^° (M[/b|(7bxA^) _1 . (2.0.10) 

We have an exact sequence 

— > (-4^) B Oaa -^ (^ V |r/ B ) H Oaa — > »p B ,*C^ B |D-BxAf — ► (2.0.11) 

The map 7 is symmetric, in fact it is the symmetrization of the restriction of (12.0. 6p to Ub x AA - 
sec Definition 11.51 The double cover X 1 — > 34/ B n (Ub x A/") is isomorphic to the inverse image 
of Ub x A/" for the double cover Xjj b — ► 3Vb . Thus it suffices to examine X 1 . Let 

3 
6 7 (A, H) : T {AAv]) LG(/\ V) x P(V) — ► Sym 2 (v4 n F„) v (2.0.12) 

be as in (|1.3.3[) . 

Lemma 2.4. Keep notation as above. The map <5 7 (A, [v]) of (|2.0.12[) is surjective. 

Proof. The restriction of 5 7 (A, [v]) to the tangent space to LG(/\ V) at A is surjective. □ 

Proof of Proposition 12.31 We may assume that U is affine, thus U = Spec R. Of course R is 
a finitely generated regular C-algebra. Let 7 be as above: thus Xu — X 1 . Let q € Xu and 
fu(q) — (A, [v]). Suppose that q ^ Wu i.e. that cork7(p) < 2. If cork7(p) = 1 then Yu — Yj is 
smooth because the differential S 1 (A, [v]) is surjective ( Lemma 12. 4ft : by Proposition IT781 we get 
that Xu is smooth at q. If cork7(p) = 2 then Xu is smooth at q by Proposition ITTTTl - recall that 
the differential S 7 (A, [v]) is surjective by Lemma 12.41 This proves that singA^ C Wu- On the 
other hand Wu C sing X u by Claim 11.121 □ 

We will close the present section by proving a few results about the indivdual X A 's. First a 
definition: for A e h&(/\ 3 V) we let 

3 

e A := {W e Gr(3, V) \ f\W C A}. (2.0.13) 

Lemma 2.5. Let A € (LG(A 3 V) \ N(V)) and [v] € Y A . Suppose that dim(A n F„) < 2 and ftai 
i/iere is no W 6 ©a containing v. Then X A is smooth at f A ([v]). 

Proof. Let q £ /^(M). Suppose that dim(.A n F ) = 1. By Corollary 2.5 of [TB] we get that Y A is 
smooth at [v], thus Xa is smooth at q by Proposition ll.8l Suppose that dim(Ar) F v ) = 2. Locally 
around q the double cover X A — > Y4 is isomorphic to Xy — > Y^ where 7 is the symmetrization of 
the restriction of (3 A to an affine neighoborhood Spec R of [v] ■ Thus we may consider the differential 
Oy(M) - see (|1.3.3[) . The differential is surjective by Proposition 2.9 of [16], thus X A is smooth at 
q by Proposition 11.111 □ 

Proposition 2.6. Let A e (h&(/\ 3 V)\N(V)). Then X A is smooth if and only if A E LG(A 3 V")°. 
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Proof. If A e LG(A 3 V)° then X A is smooth by 13. Suppose that X A is smooth. Then A £ A 
by Claim H. 121 Assume that A £ E; we will reach a contradiction. Let W s Oa and [i>] £ P(W / ) 
- notice that P(W) C Ya- Let q £ /^([u]). Since i^Awe have 1 < dim(A n F v ) < 2. Suppose 
that dim(A D F v ) — 1. Then Ya is singular at [i>] by Corollary 2.5 of [IB], thus Xa is singular 
at g by Proposition 11.81 Suppose that dim(A n F v ) — 2. Let 7 be as in the proof of Lemma 
12.51 Then S— ([v]) is not surjective - see Proposition 2.3 of [TB] - and hence Xa is singular at q 
by Proposition [TTTTJ □ 

3 The divisor A 

3.1 Parameter counts 

Let A + c LG(A 3 V) and A+, A+(0) C LG(A 3 V) x ¥(V) 2 be 

A+:= {AehG(A 3 V)\\Y A {3}\>l}, (3.1.1) 

A + := {(A>i],M)|[ui]#[v 2 ], dim(AnF Vi )>3}, (3.1.2) 

A+(0):= {(Abi],N)|h]^h], dim(An^) = 3}. (3.1.3) 

Notice that A + and A+(0) are locally closed. 

Lemma 3.1. Keep notation as above. The following hold: 

(1) A + is irreducible of dimension 53. 

(2) A + is constructible and cod{A +1 hG(/\ 3 V)) > 2. 

Proof. (1): Let's prove that A + (0) is irreducible of dimension 53. Consider the map 

A+(0) -^ Gr(3,A 3 ^) 2 xP(l/) 2 

(A, fa], [v 2 ]) H- (AnF Vl ,AnF V2 ,[ Vl },[v 2 }) 



(3.1.4) 



We have 

imr, = {(K 1 ,K 2 ,[v l },[v 2 })\K i £Gv(3,F Vi ), K X LK 2 , [ Vl \ j* [v 2 ]} . (3.1.5) 

We stratify imry according to i := dira(Ki n F„ 2 ) and to j := dim(ifi n K 2 ); of course j < i. Let 
(imr/)j .j C imr; be the stratum corresponding to i,j. A straightforward computation gives that 

<3imij- 1 (imTJ)i lJ = 10 + 7(3 - i) + j(i - 3) + (3 - j)(4 + i) + -(j + 5)(j + 4) = 

= 53 - 4t - ±j{j - 1) . (3.1.6) 

Since < i,j one gets that the maximum is achieved for i = j = and that it equals 53. It 
follows that A + (0) is irreducible of dimension 53. On the other hand A+(0) is dense in A + 
(easy) and hence we get that Item (1) holds. (2): Let tt + : A + — > LG(A V) be the forgetful 
map: 7T+([«i ],[%], A) = A. Then 7r+(A + ) = A + . By Item (1) we get that dimA + < 53: since 
dimLG(A 3 V) = 55 we get that Item (2) holds. □ 

Proposition 3.2. The following hold: 

(1) A is closed irreducible of codimension 1 in LG(A V) and not equal to S. 

(2) If A £ A is generic then Ya [3] = Ya (3) and it consists of a single point. 
Proof. (1): Let 

A := {(A, [«]) I dim(F„ n A) > 3}, 5(0) := {(A, [«]) | dim(F„ n A) = 3}. (3.1.7) 
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Then A is a closed subset of LG(A 3 V) x P(V) and A(0) is an open subset of A. Let 

3 

■k: A->LG(/\V) (3.1.8) 

be the forgetful map (restriction of projection). Thus 7r(A) = A: since it is projective it follows 
that A is closed. Projecting A(0) to P(V) we get that A(0) is smooth irreducible of dimension 54. 
A standard dimension count shows that A(0) is open dense in A; thus A is irreducible of dimension 
54. It follows that A is irreducible. By Lemma l3.1l we know that dim A + < 53. It follows that the 
generic fiber of A — >• A is a single point, in particular dim A = 54 and hence cod(A, LG(/\ V)) = 1 
because dimLG(/\ V) — 55. A dimension count shows that dim(A PI S) < 54 and hence A/E. 
This finishes the proof of Item (1). (2): Let A £ A be generic: we already noticed that there exists 
a unique [v] £ P(V) such that ([v], A) £ A, i.e. Ya[3] consists of a single point. Since A(0) is dense 
in A and dimA = dimA we get that (|V],.A) £ A(0), i.e. Ya[2>] — Ya(3). This finishes the proof of 
Item (2). □ 

3.2 First order computations 

Let (A, [v Q ]) £ A(0). We will study the differential of n - see (|3.1.8p - at (A, [v Q ]). First some 
preliminaries. Given v € V we define a quadratic form </>JJ° on F Vo as follows. Let a £ F VQ ; then 
a = v A (3 for some /3 £ /\ V. We set 

(f>l°(a) :=vol(u AuA/3A/3). (3.2.1) 

The above equation gives a well-defined quadratic form on F Vo because /3 is determined up to 
addition by an element of F Vo . Of course 4>%° depends only on the class of v in V/[vq]- Choose a 
direct-sum decomposition 

V = [«o] © V Q . (3.2.2) 



We have the isomorphism 



AS : A' V ^ F, 



I'd 



P >->■ v A p 



(3.2.3) 



Under the above identification the Plucker quadratic forms on /\ Vq correspond to the quadratic 
forms (/>U° for v varying in Vq- Let K :=An F Vo and 



The isomorphism 



V -^ Sym 2 K v Sym 2 A v ^ Sym 2 K v 

Fo -^ P(F)\P(F ) 

w i-> [«o + v] 



(3.2.4) 



defines an isomorphism 

Vo=T [va] P(V). 

Recall that the tangent space to LG(/\ V) at A is canonically identified with Sym 2 A y . 
Proposition 3.3. Keep notation as above - in particular choose (|3.2.2p . Then 

T (A>[vo]) A c T {A[vo]) lhG(/\V) x P(V)J = Sym 2 A v ©F, (3.2.5) 

is given by 

T (lva]>A) A = {(q,v)\6£(q)-T v K °(v) = 0}. (3.2.6) 
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Proof. Let B 6 hG(/\ 3 V) be transversal both to A and to F Vg . Let M C P(V) be a sufficiently 
small open neighborhood of [vq]. There exists an exact sequence (12.0. lip with 7 symmetric (Ub is 
as in (|2.0.5l0 . Thus A n (Ub x A/") is a symmetric degeneration locus: 

An([/ B xAf) = {(A', H) G (U B x A/") | cork 7 (A', [v]) > 3}. (3.2.7) 

It follows that (q, v) £ TW^i ^nA if and only if 

= d~/(A, [v ])(q,v)\ K = dy(A, [vo])(q,0)\ K + dj(A, [v Q })(0,v)\ K . 

It is clear that d r y(A, [vo})(q,0)\K = @k(q)- On the other hand Equation (2.26) of [K] gives that 

d 7 (A,[v ])(0,v)\ K = -t v k °(v). (3.2.8) 

The proposition follows. D 

Corollary 3.4. A(0) is smooth (of codimension 6 in lLG(/\ 3 V) x P(V)). Let (A, [v ]) G A(0) and 
K := A n F Vo . The differential dir(A, [vq]) is infective if and only if t^ is infective. 

Proof. Let (A, [v ]) G A(0) and K := A n F Vo . The map 9^ is surjective: by Proposition 13.31 
we get that T/^i Vo ^A(Q) has codimension 6 in T/j^ r Uo i) (LG(/\ V) x P(V)). On the other hand the 
description of A(0) as a symmetric degeneration locus - see Q3.2.7P - gives that A(0) has codimension 
at most 6 in LG(A 3 V) x F(V): it follows that A(0) is smooth of codimension 6 in LG(A 3 V) x P(V). 
The statement about injectivity of dir(A, [vq]) follows at once form Proposition [3731 □ 



A comment regarding Corollary 13.41 At a first glance one would think that the statement 
about smoothness of A(0) is contained in the proof of Proposition 13.21 actually in that proof 
we consider A(0) with its reduced structure, here it has the natural scheme structure given by its 
description as a symmetric degeneracy locus. 

Proposition 3.5. Let (A, [vq]) 6 A(0) and let K := A n F Vo . Then t^ is infective if and only if 

(1) no W € Qa (see (|2.0.13[) for the definition of@A) contains vq, or 

(2) there is exactly one W £ Qa containing vq and moreover 

2 3 

A n F V0 n (/\ W A V) = f\ W. (3.2.9) 

If Item (1) holds then imrjj 1 belongs to the unique open PGL(K)-orbit of Gr(5, Sym K v ), if 
Item (2) holds then imrj[? belongs to the unique closed PGL(K)-orbit o/Gr(5, Sym K v ). 

Proof. Let Vq C V be a codimcnsion-1 subspace transversal to [vq]. Let 

2 
p^:F V0 ^/\V (3.2.10) 

be the inverse of Isomorphism (|3.2.3[) . Let K := P(py (K)) C P(/\ Vq); then K is a projective 
plane. Isomorphism py identifies the space of quadratic forms <^"°, for v G Vq, with the space 
of Pliicker quadratic forms on /\ Vq. Since the ideal of Gr(2, Vq) C P(/\ Vq) is generated by the 
Pl'ucker quadratic forms we get that r^? is identified with the natural restriction map 

Vq = H°(l Gli2 y o) (2)) ^ H (O K (2)) = Sym 2 K v . (3.2.11) 

It follows that if the scheme-theoretic intersection K n Gr(2, Vq) is not empty nor a single reduced 
point then r^? is not injective. Now suppose that K n Gr(2, Vq) is 

(1') empty i.e. Item (1) holds, or 

(2') a single reduced point, i.e. Item (2) holds. 
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Let 

2 

P(/\y ) --♦ |H°(I Gr(2 , yo) (2))| v =P(y o v ) (3.2.12) 

be the natural map: it associates to [a] £ Gr(2,Vb) the projectivization ol suppa. We have a 
tautological identification 

K*'^P(imr^) v 

and of course <&|k is the Veronese embedding K — >• |C>k(2)| v followed by the projection with center 
P(Ann(iniT^?)). Notice that t^ is not injective if and only if dimP(Ann(imr^?)) > 1. Now 
suppose that (1') holds. Then $|k is regular and in fact it is an isomorphism onto its image - see 
Lemma 2.7 of [TB]. Since the chordal variety of the Veronese surface in |0k(2)| v is a hypersurface 
it follows that dimP(Ann(imr^ )) < 1 and hence t]J? is injective. We also get that Ann(imr^?) is a 
point in |Ok(2)| v which does not belong to the chordal variety of the Veronese surface and hence 
it belongs to unique open PGL(AT)-orbit. Now suppose that (2') holds. Assume that r^° is not 
injective. Then dimP(Ann(imr^ )) > 1. It follows that there exist [x] ^ [y] G K in the regular 
locus of $|k (i-e. neither x nor y is decomposable) such that $([x]) = $([y]). By the description 
of $ given above in terms of supports we get that supp(a;) = supp(y) = U where dimC/ = 4; since 
Gr(2, U) is a hypersurface in P(A 2 U) we get that the line ([x], [y]) C P(A 2 V ) intersects Gr(2, U) 
in a subscheme of length 2. Since ([x], [y]) C K it follows that K (~l Gr(2, Vo) contains a scheme 
of length 2, that contradicts Item (2'). This proves that if (2') holds then t^? is injective. It also 
follows that Ann(r^) belongs to the Veronese surface in |Ok(2)| v i.e. im(r^?) belongs to the unique 
closed PGL(AT)-orbit. □ 

4 Simultaneous resolution 

Definition 4.1. Let LG(A 3 V)* C LG(A 3 V) be the set of A such that the following hold: 

(1) A<£N(V). 

(2) Ya[3] is finite. 

(3) Y A [3]=Y A (3). 

Remark 4.2. LG(A 3 V)* is an open subset of LG(A 3 V). 

Claim 4.3. (LG(A 3 V) \ S) C LG(A 3 V)*. 

Proof. Item (1) of Definition 14. II holds by Claim 2.11 of [16]. Let's prove that Item (2) of Defini- 
tion |47T] holds. Suppose that Y A [3] ^ Y A (3) i.e. there exists [v ] e P(V) such that dim(AnF Vo ) > 4. 
Let Vo C V be a codimension-1 subspace transversal to [vo] and let py be as in (|3.2.10j) . Let 
K := P(p v J o {A n F Vo )). Then dimK > 3; since Gr(2, V ) has codimension 3 in P(A 2 V ) it follows 
that there exists [a] G K n Gr(2, Vq). Let a G (A n F V(I ) such that py (a) = a. Then a is non-zero 
and decomposable, that is a contradiction because A ^ E. Lastly let's prove that Item (3) of Def- 
inition [O holds. Let [vo] e Y A [3] = Y A {3). Then (A, [v ]) G A(0). Let K := A n F Vo and r^° be 
as in (|3.2.4|) , We have 

T [vo] Y A [3]=T [vo] Y A (3)=kevr v K °. 

By Proposition [3751 the map r^? is injective. Thus [vq] is an isolated point of Ya[3]. □ 



Let AgLG(AT)*. Let 
Let 



Y A [3] = {[ Vl ],...,[v s ]}. (4.0.1) 

3 

A G U G LG(/\ V)* U open and small. (4.0.2) 



22 



In particular pu : Xu — >■ y-u exists. We will construct 2 s simultaneous resolutions of Xu- Let 
ixu : Xu — > Xu be the blow-up of Wu and Eu be the exceptional set of ity ■ By Lemma 12.41 
and Proposition [T7l8l Xu is smooth and we have a fibration 



E u 



(4.0.3) 



Yu{i) 
with fiber over (A, [v]) canonically isomorphic to P(AnF v ) v x P(AOF v ) v . Furthermore by Claim 



11.191 the restriction of the normal bundle N E ,g to an arbitrary fiber of (|4.0.3|l is isomorphic to 
F a(— 1) Kl P 2{— 1). We claim that Fibration (|4.0.3[) is trivial. In fact since U is small and A(0) 
is smooth we have that yu [3] has s connected components - they are in one-to-one correspondence 
with Ya[3] - each isomorphic to a polydisk. A choice of identification of Eu([vj\) (the fiber of Eu 



over \Vi 



with 



for i — 1 , . . . , s determines a trivialization of (14.0.31) . 



Remark 4.4. Let U be as in (|4.0.2|) . Let the [vi]'s be given by (|4.0.ip and let 

Eu{[Vi\)— >P 2 
be a P 2 -fibration for each 1 < i < s. There exists a unique P 2 -fibration 

e: E u — ► * 



(4.0.4) 



(4.0.5) 



where * is itself a P 2 -fibration over 1^[3]. We say that (|4.0.4I) is a choice of 'P 2 -fibration e for Xa- 

Corresponding to e we have a smooth contraction cu,e '■ Xu — > X u . Thus we have a commutative 
diagram similar to (jl.4.91) . 

X u (4.0.6) 




(Here e c is the P 2 -fibration "complementary" to e - sec Subsection 11.31 ) We let 

fu ■= fu o *U,e ■ (4.0.7) 



Proposition 4.5. Let U be as in (J4.0.2I) . Then ~ku,h and TTu,e a o,re semi-small resolutions of Xu- 
Furthermore there exists an isomorphism X u — > X u fitting into the following commutative diagram 

(4.0.8) 




*~xz 



Proof. We may suppose that U is affine, say U — Speci?. We have Xu — X 1 where 7 is given 
by (|2.0.10p restricted to U (we may assume that U C Ub x A/") . We claim that Assumption 11.171 
holds for X 1 . In fact Item (a) of Assumption 11.171 holds is obvious, Item (b) holds because 
U C JLG(A 3 V)* and Item (c) holds by Lemma [HH Since Assumption [TTT7I holds for X 1 ~ X u 
we get that ~ku,e and ttu,^ are semi-small resolutions by Proposition ll.l"8l The remaining assertion 
of the proposition follows from Proposition 11.201 □ 
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Let U C LG(/\ V)* be a small open subset. Choose a P 2 -fibration e for X A - see Remark 14.41 
We let 

Pu-Xu^U (4.0.9) 

be the map fu,t followed be the tautological map J^/ — >• W. We let 

X* := (flE,)" 1 ^). /A:=/5k A , 0^(l):-(A)*Oy A (l), H% £ |0*. (1)|. 

Our notation does not make any reference to W because the isomorphism class of the polarized 
couple (X A ,Ox* (1)) does not depend on the open set U containing A. Notice that if A £ A then 
Ox' (1) is not ample, in fact it is trivial on s copies of P 2 where s = \Y A [i\\. Proposition 14.51 gives 
an isomorphism 

(X A ,O x% (l))*(X A c ,O xf (l)). (4.0.10) 

Of course 

3 

(X\, O x . (1)) - (X A , Xa (1)) if A e (LG(/\ V) \ A). (4.0.11) 

Proposition 4.6. Let A £ LG(/\ V)* and /ei e be a choice of P 2 -fibration for X A . 

(1) X\ is smooth away from (/D^OVee^ ¥ ( W ))- 

(2) If [ Vi ] £ Y A [3] then (/!)-%] Si P(A n F„J V . 

(3) If e' is another P 2 -fibration |i.^.6'| ) i/iere exists a commutative diagram 

X A ~» ^' (4.0.12) 



^4 



where the birational map is the flop of a collection of (f%) [vi] 's. Conversely every flop of a 
collection o/(/^) _1 [fi] 's zs isomorphic to one X A . 

Proof. Let's prove Item (1). X A is smooth away from (f A )~ 1 (YA[3>} U Uwge P(W)) by Lemma 
12.51 It remains to prove that X A is smooth at every point of (/l) _1 {[wi], • • • , [««]} where 

{[«!],...,[«.]} = y^[3]\ (J P(W). (4.0.13) 

Let A ^ U where W be as in (|4.0.2p . Let py :— pu o tt u \ thus pu'- Xu — > U. For 1 < i < s the 
fiber over (A, [vi]) of Fibration (|4.0.3|l is canonically isomorphic to P(^ n F Vi ) v x P(A n F Vi ) w . Let 
X^ C Xu be the strict transform of X A . Abusing notation we write 

s 

p- 1 {A)=X A u\JP(AnF Vi ) v xP(AnF„,) v . (4.0.14) 

»=i 

(Of course P(A n F Vi ) y x P(A n F^)" 7 denotes the fiber over (A, [ Vl ]) of Fibration (|Q3|I .) The 
components P(^4 n i^ i ) v X P(A n i^ 4 ) v are pairwise disjoint. We claim that for i = 1, . . . , s the 
intersection 

E A:t :=X A n{P(AnF lH y xP(4flF„,) v ) (4.0.15) 

is a smooth symmetric divisor in the linear system |Op( J 4nF„.) v (l) ^ Cp(AnF„.) v (i)|- In order to 
prove this we go back to Map (|1 .3.15[) - recall that V is a 3-dimensional complex vector space. 
Pull-back by a defines an isomorphism 

Sym 2 V v -A (V v ® V v ) z/(2) =: Sym 2 V v (4.0.16) 

which is Gl(V)-equivariant. Isomorphism a* induces a PGL(V)-equivariant isomorphism of pro- 
jective spaces p: P(Sym 2 V v ) —¥ P(Sym 2 V v ). Of course p maps a point in the unique open 
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PGL(V)-orbit of P(Sym 2 V v ) to a point in the unique open PGL(V)-orbit of P(Sym 2 V v ). Now let 
V = (A n F Vi y. Let K t := (A n F Vi ) and rj£ be as in (13.2.41) . By Proposition [375] we have 
that im(r^) belongs to the unique open PGL(ifi)-orbit of F(Sym 2 (A n i^J). Commutative Di- 
agram (jl.3.16p gives that Ea,i is a symmetric smooth divisor in |Op( J 4nF„.) v (^) ^ Cp(An-F l ,.) v (1)1- 
Thus we have described p^ 1 (A). Since Xy is obtained from Xu by contracting £^ along the 
P 2 -fibration e it follows that X A is smooth at every point of (/l) _1 {[wi], • ■ • , [v s ]}- This proves 
Item (1). Since X A is obtained from Xa by contracting each of the divisors Ea,i along the fibration 
P 1 — > Ea,i — > P(A (~l F Vi ) v determined by e (and similarly for e') we also get Items (2) and (3). □ 

Corollary 4.7. Let A £ (LG(/\ V) \ S). Then we have a desingularization p A : X A — > Xa for 
every choice of ¥ -fibration e for Xa- 

Proof. By Claim gT3]we know that A £ hG(/\ 3 V)*: thus Proposition 14751 applies to X A . Since 
A ^ £ we get that X A is smooth by Item (1) of Proposition [4761 

□ 

Corollary 4.8. Let A, A' £ (LG(A 3 V) \ S) and e,e' 6e P 2 -fibrations ([T7j~8j). T/ie quasi-polarized 
4-folds (X A ,H A ) and (X A ,,H A ,) are deformation equivalent. 

5 Double EPW-sextics parametrized by A 

Let A £ A and [vq] £ 5^(3)- In the first subsection we will associate to (A, [vq]) (under some 
hypotheses which are certainly satisfied if A ^ S) a K3 surface Sa(vq) of genus 6, meaning that it 
comes equipped with a big and nef divisor class Da(vq) of square 10. We will also prove a converse: 
given a generic such pseudo-polarized K2> surface S there exist A £ A and [vq] £ Ya(3) such that 
the pseudo-polarized surfaces S and Sa(vq) are isomorphic. In the second subsection we will assume 
that A £ (A \ S) - with this hypothesis Da (vq) is very ample. We will prove that there exists a 
bimeromorphic map ifi: S A (vo) -~> X A where e is an arbitrary choice of P 2 -fibration for Xa- That 
such a map exists for generic A £ A could be proved by invoking the results of |15) . Here we will 
present a direct proof (we will not appeal to [TS] nor to [13]). Moreover we will prove that if Sa (vo) 
contains no lines (this will be the case for generic A) then there exists a choice of e for which if> 
is regular - in particular X A is projective for such e. Lastly we will notice that the above results 
show that a smooth double cover of an EPW-sextic is a deformation of the Hilbert square of a 
K3 (and that the family of double EPW-sextics is a locally versal family of projective Hyperkahler 
manifolds): the proof is more direct than the proof of [T3] . 

5.1 EPW-sextics and K3 surfaces 

Assumption 5.1. A £ LG(A 3 V), [v ] £ Y A (3) and the following hold: 

(a) There exists a codimension-1 subspace Vq C V such that /\ Vo ft) A. 

(b) There exists at most one W £ Qa containing Vq. 

(c) If W £ ® A contains v then A n (/\ 2 W A V) = /\ 3 W. 

Remark 5.2. Let A £ (A \ S). Let [v ] £ Y A (3) (= Y A [3] by Claim[473]). Then Assumption [5711 
holds. In fact Items (b) and (c) hold trivially while Item (a) holds by Claim 2.11 and Equation (2.81) 
of [16]. 

Let (A, [vq]) be as in Assumption l5~7Tl we will define a surface Sa(vq) of genus 6. The condition 
that /\ Vo is transverse to A is open: thus we may assume that we have a direct-sum decomposition 

V=[v ]®V . (5.1.1) 

We will denote by T> be the direct-sum decomposition of V appearing in (|5.1.1[) . Let 

K%:= P y o (AnF Vo ). (5.1.2) 
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where Py is given by (|3.2.10p . Choose a volume- form on V$. Wedge-product followed by the 
volume-form defines an isomorphism [\ Vq = f\ Vq and hence it makes sense to let 

Fj:=P(Anni^)nGr(3,V" ). (5.1.3) 

By Proposition 16.21 and Proposition 16.31 we know that F A is a Fano 3-fold with at most one 
singular point. Next we will define a quadratic form on AnnK^- By Item (a) of Assumption [BTTl 
the subspace A is the graph of a map q% ■ A Vo ~> /\ Vo'- explicitly 

q%(a)=!3 <=> (v Aa + l3)eA. (5.1.4) 

The map q^ is symmetric because A, /\ Vq and /\ Vo are lagrangian subspaces of /\ V. Clearly 
ker q^ — K A ■ it follows that g^ induces an isomorphism 

2 3 

r° A : f\ V /K% -^ AnnK% c f\ V . (5.1.5) 

The inverse (?^) _1 defines a non-degenerate quadratic form (r A ) v on AnnK^. For future reference 
we unwind the definition of (f^)" 1 and (r^) v . Let f3 € Ann K A i.e. 

2 

i- Aa + /3eA ae/yVb. (5.1.6) 

Then 

{7^)- l {p)=a (modifj), (rJ) v (/3)-vol( V0 A«A/3). (5.1.7) 

Let V((r A ) v ) C P(Ann K A ) be the zero-scheme of (r A ) w : a smooth 5-dimensional quadric. Let 

Sl:=V{{r^Y)^Ff. (5.1.8) 

Our first goal is to show that S A does not depend on the choice of the subspace Vq C V comple- 
mentary to [vq] i.e. it depends only on A and [vo]. First we notice that F A is independent of Vq. I n 
fact f\ Vq is transversal to F Vo ; since both /\ Vq and F Vo are Lagrangians the volume vol induces 
an isomorphism 

3 

9v : f\V ^F: o . (5.1.9) 

Thus gv a defines an inclusion 

F% ^P(AnnK A ). (5.1.10) 

Remark 5.3. The image of Map (|5.1.10|) does not depend on Vo i.e. it depends exclusively on A and 
[vq] £ 5^(3); we will denote it by Z a (vq). 

Similarly gy defines an inclusion 

g Vo :S^^¥(AimK A ). (5.1.11) 

Lemma 5.4. Keep notation and assumptions as above. Then gy a (S A ) is independent of Vq, in 
other words it depends exclusively on A and [vq] € Y A (3). 

Proof. Let V ' C V be a codimension-1 subspace complementary to [vq] and transverse to A. Let 
T>' denote the corresponding direct-sum decomposition of V; we must show that 

g Vo (S A ') = g K (S A y ). (5.1.12) 

The subspace V ' is the graph of a linear function 

V ° -* ^ (5-1.13) 
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and hence we have an isomorphism 

V ° ~^ V ° (5.1.14) 

v >->• v + f(v)vo 

We notice that 

3 

/\iP(l3)=/3 + v A(fjP) (5.1.15) 

where j denotes contraction. In particular gy o /\ ip = gy a . Moreover 4> := f\ ip\AnnK' D IS an 
isomorphism between Ann K^ C /\ Vq and Ann K%, C /\ Vq . Thus it suffices to prove that 

4>(S%) = S* . (5.1.16) 

We claim that 

r(^') v -K) v eff°(x F? (2)). (5.1.17) 

In fact let (3 £ AnnK% C A 3 V ; then (j^TTTSj) holds. By (|5.1.15l) we get that 

«oA(a-(/jj0)) + <0OS) =w Aa + /3eA. (5.1.18) 

By (|5.1.15[) we get that 

</>>a') V (/3) = vol(« A (a - (/j/3)) A 0(/3)) = 

vol(w A a A 0(/3)) - vol( Uo A (fj/3) A 0(0)) = 
vol(w A a A /3) - vol(u A (/ j/3) A /3) = 

(rJ) v (/3) - vol(« A (/_,£) A /3) . (5.1.19) 

The second term in the last expression is the restriction to ¥(Aim K®) of a Plucker quadratic form 
By the above lemma we may give the following definition. 



and hence it vanishes on F%. This proves (15.1. 17p and hence (|5.1.16p holds. □ 



Definition 5.5. Let A £ LG(/\ V). Suppose that [vq] £ ^a(3) and that Assumption [5711 holds. 
Let V be the direct-sum decomposition (15.1.11) . We set 

Sa(vo) ■■= Sv (S%). (5.1.20) 

Keep assumptions and notation as above. We single out special points of Sa(vq) as follows. 
Suppose that W £ @a (see (|2.0.13[) for the definition of 0^) and assume that v £ W . Let 7 be a 
generator of /\ W i.e. 7 is decomposable with supp(7) = W. By hypothesis /\ Vq fl A = {0} and 
hence W £\V ; thus 

7 = (v +mi) Au 2 Aii 3 , Ui£V . (5.1.21) 

Since u $. W we have u\ A u 2 A u 3 ^ 0; thus [uiAu 2 Au 3 ] G F|\ Moreover [uiAu 2 f\u 3 ] £ V((r^) v ) 
by (J5.1.7P and hence [u\ A u 2 A w 3 ] G Sji • We let 

e A \{W\v £W} S s% (5L22) 

W ^ [«i A u 2 A U3] 

The map 

0a(«o) := gv o ^ : (0 A \ {W \ v £ W}) -> S A («o) (5.1.23) 

is independent of T>, i.e. it depends exclusively on A and [i>o]. Notice that 9a (uo) is injective. 

Proposition 5.6. Let A G LG(/\ V). Suppose that [vq] £ Ya(S) and that Assumption 15.11 

holds. Let T> be the direct-sum decomposition (|5.1.1[) . The set of points at which the intersection 
V((r^) v ) fl F® is not transverse is equal to 

im^]J(S^nsingFF). (5.1.24) 
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Proof. Let [j3] £ S^. In particular j3 is non-zero decomposable; let U := supp/3. Moreover since 
[j3] £ F% we have that (|5.1.6[) holds; let a £ f\ 2 V be as in (|5.1.6|) . We claim that 

2 

V((r% ) v ) rh F^ at [/3] unless (a, i^J) C\ /\U ^ (&. (5.1.25) 

In fact the projective tangent space to Gr(3, Vq) at [0\ is given by 

2 

T [/3] Gr(3, V ) - P(Ann(/\ U)) . (5.1.26) 

On the other hand (|5.1.7[) gives that 

T m V{{r^) v ) = P(Aima)nP(Amii<J). (5.1.27) 

Statement (|5.1.25p follows at once from (|5.1.26[) and (|5.1.27[) . Next we prove that 

2 

(a, K%) n f\ U ^ if and only if [0\ £ singF^ or \j3] £ im.0%. (5.1.28) 

Suppose that [j3] £ singFj; then Item (1) of Proposition [673] gives that LC% n f\ 2 U ^ ®. Next 
suppose that [0\ £ imflj; then a £ f\ 2 U by (|5.1.21|l . This proves the "if " implication of (|5.1.28|l . Let 
us prove the "only if " implication. First assume that K^ f~l /\ (7^ {0}. Let O^Ko 6 -ft^ H /\ (7. 
Then Ko is decomposable because dim [7 = 3 and hence [«o] is the unique point belonging to 
F(K%) n Gr(2, V Q ). We get that [/?] is the unique singular point of F% by (|6"70"78"|l . Lastly assume 
that K%n/\ 2 U = {0}. Then there exists k e if J such that (a + «) £ A 2 t 7 - Since « £ ^a we 
have (vo A (a + k) + /3) eA The tensor (vq A (a + k) + (3) £ A is decomposable, let W be its 
support. Then v £ W because /3 ^ and hence [/3] = 0^(W). This finishes the proof of (|5.1.28[) 
and of the proposition. D 

Corollary 5.7. Let A £ LG(/\ V). Suppose that [vq] £ Ya(3) and that Assumption 15.11 holds. 
Asssume in addition that Qa is finite. Then Sa(vq) is a reduced and irreducible surface with 

sing S A (v ) = ime A (vo)Y[(S A (v ) n sing Z A (v )) ■ (5.1.29) 

(See Remark 15.31 for the definition of Za(vo). ) 

Proof. By Proposition 15.61 we know that S^ is a smooth surface outside the right-hand side 
of (|5.1.29[) . By hypothesis 8a is finite and hence the right-hand side of (|5.1.29[) is finite. On the 
other hand by Proposition [6731 we know that Za(vq) is a 3-fold with at most one singular point, 
necessarily an ordinary quadratic singularity, and Sa is the complete intersection of Za(vq) and a 
quadric hypersurface. It follows that S^ is reduced and irreducible with singular set as claimed. □ 

Corollary 5.8. Let hypotheses be as in Corollary 15.71 Suppose in addition that Sa(vq) has Du 
Vol singularities. Let Sa(vo) — > Sa(vq) be the minimal desingularization. Then Sa{vq) is a K2> 
surface. 

Proof. Let Oz A ( Vo ) (1) be the pull-back by Map (I5.1.10[) of the hyperplane line-bundle on ¥(Ann(F Vo n 
A)). Then Sa(vq) £ \Oz A ( Vo )(2)\- By Proposition [6721 and Proposition [6731 there exist smooth 
divisors in |Oz A / Uo )(2)| and they are K3 surfaces; by simultaneous resolution of Du Val singularities 
we get that Sa (vq) is a K3 surface. □ 

Corollary 5.9. Let A £ (A\£). Let [vq] £ Ya(3) (and hence Assumption [57T1 holds by Remark 
15.2)) . Then Sa(vq) is a (smooth) K3. 



Proof. Immediate consequence of Corollary 15.81 □ 

Under the hypotheses of Corollary 15. 8l let Gg A r Vo \(l) be the restriction to Sa (vq) of Oz A („ )(l). 
Let Og , >(1) be the pull-back of Og A ( Vo )(l) to Sa(vo). We set 

D a (v )£\0 Sa{vo) (1)\ D a (v )£\0 §a{vo) (1)\. (5.1.30) 
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Remark 5.10. Let hypotheses be as in Corollary 15.81 Then (Sa(vo),Da(vo)) is a quasi-polarized 
Ki surface of genus 6. Moreover the composition 

S A M ~~ > S A (vo) — ► P(Ann(i^ n A)) (5.1.31) 

is identified (up to projectivities) with the map associated to the complete linear system |.D;i(^o)|- 

Remark 15.101 has a converse; in order to formulate it we identify F Vo = /\ (V/[vq]) (the 
identification is well-defined up to homothety). 

Assumption 5.11. K G Gi(3,F Vo ) and 

(1) P(#")nGr(2,V/[v o ]) = 0, or 

(2) the scheme-theoretic intersection ¥(K) n Gr(2, V/[«o]) is a single reduced point. 

Let 

W K :=P(Annif)nGr(3,F/[u ])- (5.1.32) 

(This makes sense because we have an isomorphism /\ (T^/[fo]) — — > A (^7[ u o]) v well-defined up to 
homothety). Let 

S:=W K nQ, QdF(AnnK) a quadric. (5.1.33) 

If Q is generic then S is a linearly normal K3 surface of genus 6, see Corollary 15.81 In fact 
the family of such K3 surfaces is locally versal. More generally suppose that Assumption 15.111 
holds, that S is given by (|5. 1.331) and that S has DuVal singularities. Let S — > S be the minimal 
desingularization - thus S is a K3 surface. Let D G \Os(l)\ and D be the pull-back of D to S. 
Consider the family S — > B of deformations of (S, D) obtained by deforming slightly K and Q; by 
Brieskorn and Tjurina there is a suitable base change B — >■ B such that the pull-back of S to B 
admits a simultaneous resolution of singularities S — » B with fiber S over the point corresponding 
to S. Of course there is a divisor class V on S whose restriction to S is D - thus S — > B is a family 
of quasi-polarized K3 surfaces. The following result is well-known - we omit the (standard) proof. 

Proposition 5.12. Keep notation and hypotheses as above. The family S —¥ B is a versal family 
of quasi-polarized K3 surfaces. 

Lemma 5.13. Suppose that Assumption IBTTTI holds. Let S be as in (|5. 1 .33(1 and assume that Q 
is transversal to Wk outside a finite set - thus S is a surface with finite singular set. There exists 
a smooth quadric Q' C ¥(AimK) such that S = Wk (~l Q' . 

Proof. Since Wk is cut out by quadrics Bertini gives that the generic quadric in P(Ann K) con- 
taining S is smooth outside sing S; let Q = V(Pq) be such a quadric. Let p £ singS*. The generic 
quadric Q' = V(P') G |2jy-jc(2)| is smooth at p and hence V(Pq + P') is smooth at p. Since singS 1 
is finite we get that the generic quadric Q containing S is smooth at all points of sing S. It follows 
that the generic quadric Q containing S is smooth. □ 

The following corollary provides an inverse of the process which produces Sa (vq) out of (A, [vq]) G 
A(0) (with the extra hypotheses in Assumption [571]) . 

Proposition 5.14. Suppose that Assumption [57TT1 holds. Let S be as in (|5.1.33[) and assume 
that Q is smooth and transversal to Wk outside a finite set. There exist A G A, [vq] G P(V) and a 
codimension-1 subspace Vq C V transversal to \vq\ such that the following hold: 

(1) A 3 K o ni = {0},. 

(2) Items (c) and (d) of Assumption 15.11 hold, 

(3) the natural isomorphism P(/\ (^/[^o])) — >■ P(A ^b) maps S to S^ where T> is the direct-sum 

decomposition of V appearing in (J5.1.1D . 
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If we replace the quadric Q by a smooth quadric Q' C P(Ann K) such that S = Wk H Q' and let 
A' G A be the corresponding point, there exists a projectivity of P(V) fixing [vq] which takes A to 
A'. 

Proof. Let Q — V(P). The dual of AimK is /\ (V/[vq])/K; thus the polarization of P defines a 

non-degenerate symmetric map 

2 

AimK -^ /\{V/[v ])/K. (5.1.34) 

The inverse of the above map is non-degenerate symmetric map 

2 

/\(V/[vo])/K -^» Ann if. (5.1.35) 

Composing on the right with /\ (V/[i>o]) — * A O^/fao]) an d the quotient map /\ (V/[uo]) — > 
/\ 2 (V/[v ])/K and on the left with AnnK ^ /\ (V/[v ]) and /\ 3 {V/[v ]) ^ /\ 3 ( V /i v o}) we S et a 
symmetric map 

2 3 

f\Vo-^f\V (5.1.36) 

with 3-dimensional kernel corresponding to K. The graph of the above map is a Lagrangian A G 
LG(A V). One checks easily that (1), (2) and (3) hold. One gets that the projective equivalence 
of A does not depend on Q by going through the proof of Lemma 15.41 □ 

5.2 X A for A6(A\S) 

Let S be a K3. Let A s C S^ be the irreducible codimension 1 subset parametrizing non-reduced 

[21 

subschemes. There exists a square root of the line bundle S [2\(A l s '): we denote by £ its first Chern 
class. There is a natural morphism of integral Hodge structures \x: H 2 (S) — > H 2 (S^) such that 
H 2 (S [2] ;Z) = /i(i7 2 (S;Z)) © Z£, see PQ. Let (•, •) be the Beauville-Bogomolov bilinear symmetric 
form on H 2 (S^ ) . It is known [T] that 

(fib), tin)) = /^(yy) 2 , M (iJ 2 (S ';Z))TZ£, (£,£) = -2. (5.2.1) 

Since 5 and S^ 2 ' are regular varieties we may identify their Picard groups with H z ' (S) and 
H z ' (S^) respectively. Let C G Pic(5); abusing notation we will denote by fi(C) the class in 
Pic(S^) corresponding to /j,(Os(C)) G Hj (S): if C is an integral curve it is represented by 
subschemes whose support intersects C . The following is the main result of the present subsection. 

Theorem 5.15. Let A € (A \ S) and [v ] G Y A [3] (= Y A (3) by Claim 3.11 of [16]) - thus S A (v ) 
is a K3 surface by Corollary 15.91 Then the following hold: 



(1) If Sa(vq) does not contain lines (true for generic A by Proposition [5". 12)) then there exist a 
choice e of W 2 -fibration for X a and an isomorphism. 

^:S A (v ) [2] -+X A (5.2.2) 

such that 

PH%~rtD A (vo))-Af A(vo y (5.2.3) 

(2) Let A and e be arbitrary. There exists a bimeromorphic map 

iP:S A (v ) m — >X A (5.2.4) 

such that (|5.2.3|) holds. 

Remark 5.16. Suppose that S a (vq) contains a line L. The restriction of the right-hand side of (|5.2.3[) 
to L^ (embedded in S A (v )^) is O l w(— 1). Since H A is nef we get that in this case Map (J5.2.4J) 
cannot be regular. 
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The proof of Theorem 15.151 will be given after a series of auxiliary results. Let S C P 6 
be a linearly normal K3 surface of genus 6 such that Tg/ P e(2) is globally generated; then S is 
projectively normal and hence Riemann-Roch gives that dim jig (2) | = 5. One defines a rational 
map S® — » |Is(2)| v as follows. Given [Z] £ S™ we let (Z) C P 5 be the line spanned by Z. We 
let 

(SP1\ U i (2) ) -^ |I S (2)| V =P 5 

L G S line 

(5.2.5) 
[3] !->■ {Qe|X S (2)| |s.t. QD(Z}} 

Let D be a hyperplane divisor on S; one shows (see Claim (5.16) of [T2]) that 

3*Op.(l)S|,(D)-A| ] . (5.2.6) 

(Notice that the set of lines on S is finite and hence UicSline^ nas codimension 2 in 5™.) In 

[21 

fact g can be identified with the map associated to the complete linear system \(fi(D) — A s )|. We 
will analyze g under the assumption that S is generic (in a precise sense). 

Assumption 5.17. Item (1) of Assumption [57TT1 holds. 

S:=W K nQ (5.2.7) 

where Q C P(AnnAT) is a quadric intersecting transversely Wk- 

Let S C P(Ann AT) be as in Assumption 157171 Then S is a linearly normal A3 surface of genus 
6 and Xg(2) is globally generated. Thus the map g of (|5.2.5|l is defined. Let F(Wk) be the variety 
parametrizing lines in Wk- Since the set of lines in S is finite (empty for generic S by Proposition 
15.121) we have a map 

(F(W K )\{L\LcS}) — ► SW 

l h. lhq (5 - 2 ' 8j 

Definition 5.18. Let P£ C 5I 21 be the image of Map (|5.2.8j) and P s be its closure in S [2] . 

We recall that F(W K ) = P 2 by Iskovskih's Proposition [6721 

Claim 5.19. Let S C P(Annif) 6e as in Assumption [57T71 Suppose moreover that S contains 
no lines. Let C\ , C<i , . . . , C s be the (smooth) conies contained in S (of course the generic S contains 
no conies). Then P$,C\ ,...,C S are pairwise disjoint subset of S^ 2 '. Moreover there exists a 
biregular morphism 

c:SW—*N(S). (5.2.9) 

contracting each of Ps, C{ , . . . , C s . Thus N(S) is a compact complex normal space with 

singA^) = {c(P 5 ),...,c(C (2) ),... \C CS a conic} (5.2.10) 

and c is an isomorphism of the complement of Ps U C\" U . . . U C s onto the smooth locus of N(S). 
The map g (regular on all of S' 2 ' because S contains no lines) descends to a regular map 

g:N(S)^\2 s (2)\ V , 9°c = g. (5.2.11) 

Proof. Ps is isomorphic to P 2 by Iskovskih's Proposition 16.21 and each C\ is isomorphic to 
P 2 because Ci is a conic. Thus each of Ps, Ci can be contracted individually. Let's show that 

(2) [21 (2) 

Ps, C{ , . . . ,C S are pairwise disjoint. Suppose that [Z] £ PgnC- . Let A be the plane containing 
Ci. Then AdWk contains the line (Z) and the smooth conic Ci. Since Wk is cut out by quadrics it 
follows that A C Wk, that is absurd because Wk contains no planes. This proves that Psf^C\ = 0. 
On the other hand there does not exist [Z] £ cf ] n cf ] by Corollary [6711 that P s , cf \ ..., cf ] 
are pairwise disjoint. Thus the contraction (J5.2.9I) exists. It remains to prove that g is constant on 
each of P s , Cf ',..., Cf ] . In fact if [Z] £ P s then g([Z]) = \1 Wk ( 2 )1 if [ Z ] eCf 1 then 

g([Z}) = {Q£\I s (2)\\QD(C % )}. 

D 
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Now we go back to the "general" case: we suppose that Assumption [57T71 holds however S 
may very well contain lines. Let 

s m ._ s m ^ Ps \ y mlb 2 R (5.2.12) 

R C S line or conic 

(Notice that if R C S is a conic which is not smooth then we delete all [Z] £ S™ such that Z is 
contained in the scheme R.) The following result is essentially Lemma 3.7 of [T5] . 

Proposition 5.20. Suppose that Assumption [BTlTl holds. 

(1) The fibers o/gLpj are finite of cardinality at most 2 and the generic fiber has cardinality 2. 

[21 

(2) There exist an open dense subset A C Si and an anti-symplectic (and hence non-trivial) 
involution <f> : A — Y A such that 

G?UW=<?U- (5.2.13) 

The induced map 

A/{4>) — ► g{A) (5.2.14) 

is a bijection. 

(3) If in addition S does not contain lines <p descends to a regular involution 4>: N{S) — > N{S) 
such that g o <fi = g and the induced map 

j:N(S)/($)^g(S^) (5.2.15) 

is a bijection. Moreover 

cod(Fix(^),iV(5)) > 2 (5.2.16) 

where Fix(0) is the fixed-locus of <f>. 

Let A and [vq] be as in the statement of Theorem 15.151 we will perform the key computation 
one needs to prove that theorem. Let Vb C V be a codimension-1 subspace transversal to [vq] and 
such that A 3 Vb n A = {0}. Let V be Decomposition V = [v ] © V and Sf% be given by (J5.1.8J) - 
thus 5J4 sits in P(Ann K^) fl Gr(3, Vb) and is isomorphic to Sa{vo). Let / £ Vq] we let qf be the 
quadratic form on f\ Vq defined by setting 

g/(«):=volo((/j«)A«) (5.2.17) 

where volo is a volume- form on Vq. Then qf is a Pliicker quadric, in fact we have an isomorphism 

v o -^ ■ flr0 C z Gr(3,Vo)( 2 )) (5 2 18) 

/ ■"► 9/ 

Let V v = [vq] (B Vq be the dual decomposition of T>; thus Vq £ Ann Vb and Vq («o) = 1- We have 
an isomorphism 



(5.2.19) 
We let 



x< + / ^ a;(r2) v + fl/ 



t: |X s j(2)| v -^»P(V) (5.2.20) 

be the projectivization of the transpose of (J5.2.19J) . 

Proposition 5.21. Lei A and [vq] be as in the statement of Theorem 15.151 and keep notation as 
above. Let g be Map (|5.2.5I) for S^ - this makes sense by Corollary 15.91 Then t(img) C Ya- 
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Proof. Let 

[Z]e((^)[ 2l \A^\P SJ ). (5.2.21) 

°A A 

We will prove that 

i{g{[Z}) G Y A ■ (5.2.22) 

This will suffice to prove the lemma because the right-hand side of (|5.2.21|) is dense in (S^)* 
and Ya is closed. By hypothesis Z is reduced; thus Z = {[/?], [/3']} where 0,0' G /\ Vq are 
decomposable. The line ([/3],/3']) spanned by [0] and [0'] is not contained in F^ because [Z] £ Pgo. 
Thus {[0], 0']) is not contained in Gr(3, Vq) and it follows that the vector sub-spaces of Vq supporting 
the decomposable vectors and 0' intersect in a 1-dimcnsional subspace. Thus there exists a basis 
{«i, . . . , U5} of Vq such that 

= vif\v 2 Av' i , 0' = v 1 Av 4 Av 5 . (5.2.23) 

We may assume moreover that volo(«i A V2 A V3 A V4 A 1)5) = 1. By (|5.1.6p and (|5.1.7[) there exist 
a,a' & /\ Vq such that 

u Aa + /5, u Aa' + /3'ei, a A /3 = a' A #' = . (5.2.24) 

Since A is Lagrangian we get that 

vol (a A 0') = vol (a' A 0) =: c. (5.2.25) 

Let £oj • ■ • 7 ^5 € C; a straightforward computation gives that 

5 
(hi^Y + J2 ****)(£ + 00 = 2ci o + 2ti . (5.2.26) 

i=l 

Thus 

4(ff([^])) = [cwo+t;i]. (5.2.27) 

It remains to prove that 

[cv Q + vi] € Ya ■ (5.2.28) 

Let If^i be as in (|5.1.2[) ; we claim that it suffices to prove that there exist (x, x') G (C 2 \ {(0,0)}) 
and K G K^ such that 

(cv + vi) A (x(v A a + 0) + x'(v A a' + 0') + v a A k) = . (5.2.29) 

In fact assume that (|5.2.29[) holds. Then 

^ (x(v Aa + 0)+x'(v o Aa' + 0')+v a AK)eAn F CVo+Vl . (5.2.30) 

(The inequality holds because 0, 0' are linearly independent.) A straightforward computation gives 
that (|5. 2.291) is equivalent to 

x(c0 -viAa)+ x'(c0' - vi A a') = v x A K . (5.2.31) 

As is easily checked we have 

2 
(c0 - vi A a), (c0' - ui A a') G (M A (/\(v 2 ,v 3 , v 4 , U B ») D {« 2 A u 3 , «4 A ^ (5.2.32) 

where perpendicularity is with respect to wedge-product followed by volo- Multiplication by v% gives 
an injection K^ <-» ([fi] A (/\ («2, i>3, U4, W5))); in fact no non-zero element of K^ is decomposable 
because A $• S. Since the right-hand side of (|5.2.32p has dimension 4 and dim K ® = 3we get that 
there exists (a;, x') G (C 2 \ {(0, 0)}) such that (15.2.311) holds. □ 

Lemma 5.22. Let A G (LG(/\ V) \ £). XTien Ya(1) *s ^oi empty, the topological double cover 
f^ Ya(1) —> Ya(1) is not trivial and Ya is integral. 
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Proof. By Claim [4731 we know that Ya[3] is finite. On the other hand (Yk[2] \ ^a[3]) is a smooth 
surface - see Proposition 2.8 of [T3]. Since sing Ya C Ya[2] it follows that Ya is integral and Ya(1) 
is connected. Let [vq] G Q0i[2] \Va[3]). By Proposition ITT81 we know that /^ ([t>o]) is a singleton 
{q}. Moreover Xa is smooth at q by Lemma 12.51 Thus there exists an open neighborhood U of 
[vo] in Ya such that f^U is smooth. Moreover (/^T Y^[2]) (If^U is nowhere dense in f^U. Since 
/a~ 1 U is smooth the complement /7 1 (1 / a(1) H t/) is connected. Since Ya(1) is connected it follows 
that /7 1 Ya(1) is connected. D 



Proposition 5.23. Keep hypotheses and notation as in Proposition I572T1 Then i(\mg) = Ya- 



Proof. By Item (1) of Proposition l5T2"0l the map g has finite generic fiber and hence dimimg = 4. 
By Proposition [57211 we get that t(img) is an irreducible component of Ya- On the other hand 
Ya is irreducible by Lemma 15.221 it follows that c(img) = Ya- □ 

Remark 5.24. Keep notation as in Proposition [57211 then 

Log(P°v) = i{H°{l Ff {2))) = [vq]. (5.2.33) 

Proof of Theorem 15.151 Let's prove that Item (1) holds. Let A and [vq] be as in the statement 
of Theorem 15.151 Let Vo C V be a codimension-1 subspace transversal to [vq] and such that 
f\ Vq n A — {0}. Let V be Decomposition V = [vq] ®Vq. In order to simplify notation we set 
S = Sa', thus S = Sa(vo) and by hypothesis S does not contain lines. Let j be the map of (|5.2.15[) ; 
by Proposition [57211 the composition i o j is a map 

loj:N(S)/$)-^Y a . (5.2.34) 

We claim that i o j is an isomorphism: in fact it has finite fibers and is birational by Proposition 
15.201 since dim sing Ya — 2 (because A £ S) the hypersurface Ya is normal and hence l o j is an 
isomorphism. Let it: N(S) — > N(S)/{tfi) be the quotient map. By (|5. 2.161) the singular locus of 
N(S)/(<fi) is the image of Fix((/>) (and thus isomorphic to Fix(<j>)); since (|5.2.34[) is an isomorphism 
we get that 
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N(S) \Fi^) - Y X 

X H> IOJO 7T(x) 

is a topological covering of degree 2. We claim that 

7r 1 (Y| TO )^Z/(2). (5.2.36) 

In fact (JV^XFix^)) S (S , [ 2 l\(P 5 UFix(0| s[ 2]\ Ps )). Since (P s UFix(0| s[ 2]\p s )) is of codimension 2 in 
the simply connected manifold S'f 2 ' we get that (A r (5')\Fix((/))) is simply connected. Thus (J5.2.35P is 
the universal covering of F| m and we get (J5.2.36I) . On the other hand y| m C Ya(1) by Corollary 1.5 
of [H] and thus by Lemma 15. 221 we get that Z^" 1 ^" 1 — > F| m is the universal covering of F| m as 
well. Hence both Xa and N(S) are normal completions of the universal cover of F| m such that the 
extended maps to Ya are finite; it follows that they are isomorphic (over Ya). The singular locus 
of N(S) is given by (|5.2.10[) . On the other hand singX^ = Ya[3]. By Remark 15.241 we can order 
the set of (smooth) conies on S, say C\, . . . , C s and the set of points in Ya[3] different from [vq], 
say [vi], . . . , [v s ] so that 

^(c(P s )) = [«o], ?(C(C| 2) )) = K], 1<*< S . (5.2.37) 

(Recall Remark 15.241 ) Let eo be a choice of P 2 -fibration for Xa; then ip defines a birational map 
i>Q\ S^ --> X A ° such that 

r H A ° S M (D) - A^ 2] (5.2.38) 

where D is the hyperplane class of S (thus (S, D) is isomorphic to (Sa{vo), Da(vo))). The birational 
map ipQ is an isomorphism away from 

P s UC , f ) U...UCp ) . (5.2.39) 
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It follows that -00 is the hop of a collection of irreducible components of (|5.2.39|) . By Proposition 
14.61 we get that there exists a choice of P 2 -fibration for X A , call it e, such that the corresponding 
birational map ip: S^ --■» X A is biregular. Equation (|5.2.3|) follows from (|5.2.38[) . This finishes 
the proof that Item (1) holds. Item (2) follows from Item (1) and a specialization argument - we 
leave the details to the reader. □ 

We close the present subsection by reproving a result of ours. Let h A '■— ci(Ox A {H A )). 

Theorem 5.25 (O'Grady 13). Let A £ h&(/\ 3 V)° . Then X A is a deformation of (K3)M and 
(h A ,h A )xA = 2- Any small deformation of (Xa, Ha) (i.e. a small deformation of Xa keeping Ha 
of type (1, 1)) is isomorphic to (Xb,Hb) for some B £ LG(/\ V)°. 

Proof. Let A £ (A \ E) and [vq] £ Y Ao [3\. Suppose moreover that Sa (vo) does not contain lines. 
By Theorem 15.151 there exists a choice e of P 2 -fibration for Xa such that we have an isomorphism 

yj: S® ^ X Ao , rH Ao ~ »(D A (vo)) - A [ l o(vo) . (5.2.40) 

On the other hand (Xa,Ha) is a deformation of (X A ,H A ) by Corollary 14.81 This proves that 
(X A ,H A ) is a deformation of (S®, (/i(£>^(uo))-A^ ( ^ o) )). By (15XTD we get that (h A , h A )x A = 2. 
Lastly we prove that an arbitrary small deformation of (Xa,Ha) is isomorphic to (Xa>,Ha') for 
some A' £ LG(/\ V)°. The deformation space of (X A ,H A ) has dimension given by 

dimDci(X A , H A ) = h 1 ' 1 ^^ - 1 = 20 . (5.2.41) 

On the other hand LG(/\ V)° is contained in the locus of points in LG which are stable for the 
natural (linearized) PL(V / )-action - this is proved in [TJ]. Thus by varying A £ LG(/\ V) we get 

3 

dimLG(/\ V) - dim SL(V) = 55 - 35 = 20 (5.2.42) 

moduli of double EPW-sextics. Since (15.2. 41|) and (|5. 2.421) are equal we conclude that an arbitrary 
small deformation of (X A ,H A ) is isomorphic to (Xb,Hb) for some B £ LG(/\ V)°. □ 

6 Appendix: Three-dimensional sections of Gr(3, C 5 ) 

In the present section Vb is a complex vector-space of dimension 5. Choose a volume form volo on 
Vo; it defines an isomorphism 

a 2 v» ^ hy (601) 

a H 1 w i— > volo (a A ui) 

Let K c l\ Vo be a 3-dimcnsional subspace such that either 

F(K) n Gr(2, V ) = (6.0.2) 

or else 

F(K) n Gr(2, Vo) = {[k ]} = ¥(K) n T M Gr(2, Vo) . (6.0.3) 

In other words either P(K) does not intersects Gr(2, Vb) or else the scheme-theoretic intersection is 
a single reduced point. We will describe 

W K ■■= P(Ann iT) n Gr(3, V ) (6.0.4) 

First we recall that the dual of Gr(3, Vo) is Gr(2, Vo). More precisely let [a] £ P(/\ 2 Vo): then 

sing(P(Ann a) n Gr(3, V )) = {U £ Gr(3, Vo) \ U D supp a}. (6.0.5) 

In particular P(Anna) is tangent to Gr(3, Vo) if and only if [a] £ Gr(2, Vb) (and if that is the case it 
is tangent along a P 2 ). Secondly we record the following observation (the proof is an easy exercise). 
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Lemma 6.1. Let U C Vq be a codimension-1 subspace. Let a € /\ Vq. Then 

3 
aA(/\U)=0 (6.0.6) 

i/ and only i/ supp a C LA 

We recall the following result of Iskovskih. 

Proposition 6.2 (Iskovskih |llj). Keep notation as above. Let K C f\ Vq be a 3- dimensional 
subspace such that 116.0.2}) holds. Then 

(1) Wk is a smooth Fano 3-fold of degree 5 with ljw k — 0w Jf (-2), 

(2) the Fano variety F(Wk) parametrizing lines on Wk (reduced structure) is isomorphic to P 2 , 

(3) the projective equivalence class of Wk does not depend on K . 

Proposition 6.3. Keep notation as above. Let K C /\ Vq be a sub vector-space of dimension 3 
such that (16.0.31) holds. Then Wk is a singular Fano 3-fold of degree 5 with uJ\y K = Ow K (—2) o,nd 
one singular point which is ordinary quadratic and belongs to 

{U e Gr(3, V ) | U D supp k }. (6.0.7) 

Proof. If k 6 (K \ [kq]) then k is not decomposable and hence P(Ann^) is transverse to Gr(3, Vo); 
by (J51T5|) we get that 

sing W K = {U € Gr(3, F ) | U D supp k } nP( Ann K) . (6.0.8) 

We claim that the above intersection consists of one point. First notice that we have a natural 
identification 

{U e Gr(3, V )\UD supp k } ^ P(V / supp « ) (6.0.9) 

and a linear map 

# -^ (Vb/suppK ) v (6 10) 

K M> (u n- vol (u A Ko A k)) 

where v € Vb and w is its class in Vb/suppKo. Given (16.0.81) and Identification (|6.0.9[) we get that 

smgW K = P(Annim^). (6.0.11) 

Of course kq £ ker v and hence in order to prove that sing Wk is a singleton it suffices to prove 
that ker^ = [kq]. If k € (K \ [kq]) then kq A n ^ 0; in fact this follows from (|6.0.3[) together with 
the equality 

2 

P{« e /\ V | ko A k = 0} = T M Gr(2, 7 ) . (6.0.12) 

Since Ko A k ^ we have v(n) j^ 0. This proves that singWAx consists of a single point. The 
formula for the dualizing sheaf of Wk follows at once from adjunction. It remains to prove that 
Wk has a single singular point and that it is an ordinary quadratic point. Let Wk C P(supp«o) x 
P(Vb/suppKo) x Wk be the closed subset defined by 

W K := {([v],U,W) \v G WcU}. (6.0.13) 

The projection Wk —> P(Vb/supp«o) is a Perforation and hence Wk is smooth. One shows that 
the projection n: Wk — > Wk is the blow-up of sing Wk- Moreover 7r _1 (sing Wk) = P 1 x P 1 and 
one gets that the singularity of Wk is ordinary quadratic. □ 
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Our last result is about the base- locus of 3-dimensional linear systems of quadrics containing Wk 
for K C f\ Vo a 3-dimensional subspace such that (16.0.21) holds. First we consider the analogous 
question for the Grassmannian Gr(3, /\ Vb). Let's consider the rational map 

3 

P(/\Vb) --♦ |X G r( 3 ,y )(2)| v -P(Vo) (6.0.14) 

where the last isomorphism is given by (15.2. 18[) . Let Z C P(/\ Vo) X P(Vb) be the incidence 
subvariety defined by 

Z:={([u],[v])\vAu} = 0}. (6.0.15) 



Then we have a commutative triangle 




(6.0.16) 



P(A 3 ^ ) -♦ P(V ) 

where Vt and $ are the restrictions to Z of the two projections of P(/\ Vo) x P(Vo). Moreover ty is 
the blow-up of Gr(3, Vo). In particular the following holds: if u € /\ Vo is not decomposable then 
there exists a unique [v] S P(Vb) such that v Aoj — and moreover $([w]) = [v]. Let [w] e P(Vb); 
by (|5.2.18p we may view Ann(w) C Vg V as a hyperplane in |Zgi-(3, V ) (2) I i by commutativity of (|6.0.16|) 
we have 

3 

f| V r (g / ) = Gr(3,Vo)U{[w]eP(/\Vb)hAw = 0}. (6.0.17) 

/GAnn(-u) 

Proposition 6.4. Let K C f\ Vo be a 3-dimensional subspace such that i6.0.2\) holds. Let L C 
|Xv7 K -(2)| be a hyperplane (here Xw K * s ^ e ideal sheaf of Wk inF(ArmK)). Then 



f)Qt = W K UR L (6.0.18) 



where Rl is a plane. Moreover Wk H Rl is a conic. 
Proof. Restriction to P(Ann K) defines an isomorphism 

|2b r( 8,v )(2)|-^|Ii^(2)|. (6.0.19) 

By (|5. 2.181) we get that we may identify L with P(Ann(u)) for a well-defined [v] £ P(Vb) and each 
quadric Q t for t e L with P(Ann K) n V(q f ) for a suitable [/] £ P(Ann(»). By (|6.0.17|) we have 

P| (P(Ann J fC)nV r ( 9/ )) = W K U R L (6.0.20) 

/GAnn(u) 

where 

3 

R L :=P{AnnK)n{[oj] GP(/\V ) | t'Aw = 0}. (6.0.21) 

Thus i?i is a linear space of dimension at least 2. Now notice that we have an isomorphism 

A 2 0VM) -^ {ne¥(A 3 v )\vAu^o} 

a h-> w A a 

where a G /\ Vo is an element mapped to a by the quotient map /\ Vb — ¥ /\ (Vb/M). Since 
dim(Vo/[u]) = 4 the Grassmannian Gr(2,Vb/[v]) is a quadric hypersurface in P(/\ (Vb/[v])); it 
follows that either Rl C Wr- or Rl (~l Wr- is a quadric hypersurface in i?^. By Lefschetz Pic(Wk ) 
is generated by the hyperplane class; it follows that Wk contains no planes and no quadric surfaces. 
Thus necessarily dim Rl = 2, moreover Rl <£. Wk and the intersection Rl D Wk is a conic. D 



37 



Corollary 6.5. Let K C /\ V$ be a 3- dimensional subspace such that i6.0.2\) holds and C(Wk) be 
the variety parametrizing conies on Wk (reduced structure) . Then we have an isomorphism 

\i WK m\ v ^ c(w K ) 

L _». R L nW K [ ' 

where Rl is as in Proposition [6T4l Moreover given Z S W K there exists a unique conic containing 
Z namely Rl D Wk where L 6 |Ih/k(2)| V « s the hypeprlane of quadrics containing (Z). 
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